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ABSTRACT 


This  report  contains  all  the  completed  results  obtain¬ 
ed  in  connection  with  Project  1.9  of  Operation  JANSLE  by 
those  working  on  Project  HR  340-040,  Contract  Honr  222-04, 
entitled  "Shock  Waves  in  Solids" •  The  report  consists  of 
several  chapters  of  which  the  first  contains  a  general  dis¬ 
cussion  of  the  work  done  and  each  of  the  following  chapters 
is  a  complete  study  in  itself.  The  authors  of  the  chapters 
are  as  follows: 


Chapter  2: 
Chapter  3 • 
Chapter  4: 
Chapter  5: 
Chapter  6: 


Professor  Morrey,  Mr.  Parsen,  Or.  Lakness; 
Professor  Pinney; 

Dr.  St on ah am; 

Professor  Morrey; 

Dr,  Chambrl. 


Besides  containing  a  general  discussion  of  all  the  re¬ 
sults,  Chapter  1  contains  a  discussion  (see  Paragraph  1.3*2) 
in  support  of  our  belief  that  the  ground  behaves  like  an 
elastic  solid  at  distances  from  the  explosion  corresponding 
to  values  of  the  scaled  distance  (for  definition,  see 
$1.1)  which  are  greater  than  4.  The  necessary  mathematical 
study  has  not  yet  been  completed. 


Chapter  2  derives  the  most  general  possible  relation 
between  the  stress  tensor  T  and  the  strain  tensor  B  which 
can  hold  in  an  isotropic  medium.  It  is  assumed  merely  that 
the  components  of  T  are  single-valued  functions  of  the  com¬ 
ponents  of  E  only.  In  - itri*  rotation  (see  &2.2  for  nota¬ 
tions,  etc.),  the  result  is  at  follows:  There  exist  three 
scalar  functions  <?«(!$, N),  f  id  $>a(L,M,N)  of 

the  strain  tensor  such  that 

T  =$0(L,H,N)  I  +  (fjU.M.N)  E  *  $A(L,M,N)  E2. 

In  Chapter  3,  a  theory  is  developed  of  a  hypothetical 
material  whose  mechanical  behavior  may  approximate  that  of 
soil,.  The  material  differs  from  an  elastic  material  in 
that  a  Coulomb  friction  mechanism  is  postulated  which  per¬ 
mits  plastic  yield  when  shearing  stress  becomes  too  high 
with  respect  to  compressive  stress.  The  material  cannot 
support  tensile  stress  when  dry.  Rough  corrections  to 
take  into  account  the  presence  of  moisture  are  given.  The 
theory  is  applied  to  one-dimensional  problems  of  wave 
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propagation.  An  inter* sting  result  is  that  at  a  finite  time 
after  the  energy  source  cuts  off,  all  motion  ceases. 

Chapter  4  presents  methods,  which  use  the  complex  inver¬ 
sion  integral  ox  the  Laplace  transform,  whereby  one  can  ob¬ 
tain  the  exact  formal  solution  for  the  displacements  in  an 
elastic  half-space  due  to  any  arbitrary  radial  pressure-time 
distribution  on  the  surface  of  a  small  finite  spherical  cavi¬ 
ty  within  the  half-space. 

Chapter  5  presents  a  derivation  using  methods  of  statis¬ 
tical  mechanics  of  the  equations  of  mass-motion  of  a  medium 
which  consists  of  a  very  large  number  of  particles  any  two 
of  which  repel  one  another  according  to  a  given  law  of  force; 
the  dependence  of  the  equations  on  the  law  of  force  is  ex¬ 
plicitly  given.  The  equations  are  those  typical  of  liquids 
and  gases  out  the  analysis  suggests  how  the  solid  state 
might  arise* 

In  Chapter  6,  the  assumptions  underlying  the  theory  of 
dimensional  analysis  are  reviewed  and  the  fundamental  Vaschy- 
Bucklngham  Pi  Theorem  is  stated.  Application  is  made  to  the 
determination  of  the  most  general  functional  forms  of  the 
peak  values  of  soil  pressure,  particle  acceleration,  velo¬ 
city  and  displacement. 
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GENERAL  DISCUSSION  OP  RESULTS 
1.1  PURPOSE  OP  A  THEORETICAL  STUDY 

The  purpose  ol  this  project  is  to  develop  a  theory 
of  wave  motion  In  the  ground  which  will  account  for  phenomena 
already  observed  in  large  scale  explosions  and  will  predict 
phenomena  with  reasonable  accuracy  in  future  explosions. 

Such  a  theory  should  also  be  useful  in  suggesting  further 
experiments  to  increase  our  knowledge  concerning  ground 
waves  and  their  effects  on  structures,  etc. 

Reasonably  accurate  empirical  formulas  for  the  varia¬ 
tion  with  distance  from  an  explosion  of  the  peak  accelera¬ 
tion,  peak  pressure,  peak  transient  displacement,  etc., 
in  the  resulting  ground  waves  were  developed  by  Lampson 
[7],  The  expressions  for  these  quantities  in  terms  of 
the  distance  from  the  explosion  were  all  sums  of  terms  of 
the  form 

where  a  depends  on  many  ether  quantities  (see  Chapter  6) 
and  X  is  the  scaled  distance  defined  by 

\  =  r/W* 


in  which 

r  is  the  distance  from  the  explosion  in  feet  and 

W  is  the  equivalent  weight  of  chemical  high  explosive 
in  pounds. 

Although  the  results  of  recent  H.E.  tests  held  on  the 
Nevada  site,  as  preported  by  Doll  in  [4],  do  not  agree 
in  detail  with  those  of  Lampson,  similar  formulas  seem  to 
hold.  Predictions  based  on  Doll's  results  and  the  use  of 
the  scaled  distance  X  were  sufficiently  accurate,  *t 
least,  to  enable  those  instrumenting  some  of  the  later  tests 
at  that  site  to  select  instruments  capable  of  recording 
the  data. 

-  1  - 

CONFIDENTIAL 


rt3 


!i  .-!*$*! 


»  i  .Mini 


PROJECT  1.9 

In  view  of  tho  existence  of  tbit  fairly  aatiafaotory 
empirical  theory,  wa  hart  conceived  of  our  task  at  the 
daapar  oat  of  dart loping  a  thaory  of  ground  at  a  continuoua 
medium  from  fundamental  principles.  Tbit  thaory  would 
cor rat pond  to  tha  thaory  of  hydrodynamics  for  liquids,  gat 
dynamics  for  gat at,  and  elasticity  or  plasticity  for  solids. 
Tha  program  would  than  consist  in  studying  the  resulting 
aquations  to  dstarmlna  first  whether  the  theory  agreed  with 
experiment  and,  if  so,  to  draw  further  conclusions  of  in¬ 
terest.  In  particular,  it  night  be  possible  to  find  out 
what  the  ware  Telocity  and  other  similar  constants  depend 
on  and  to  determine  the  neaning  of  the  measurements  of 
earth  pressure,  etc. 


1.2  ORIGINAL  FORMULATION  OF  OUR  PROGRAM 

Our  contract  (Project  MR  340  040,  Contract 
NONR-222(04) )  began  on  June  15,  1951.  The  first  few 
months,  before  receiving  any  data,  were  spent  by  our  group 
!****;  in  acquainting  ourselves  with  the  standard  theories  of  gas 
dynamics,  hydrodynasri.es,  thermodynamics,  elasticity,  and 
!»*.*.*  one-dimensional  elastic-plastic  flow  and  with  what  theories 
;  of  soil  mechanics  and  experiments  on  soils  could  be  found 
in  the  literature.  The  material  on  soils  was  discouraging: 
we  encountered  a  great  many  widely  divergent  theories  and 
!!:”*  widely  differing  experimental  results.  However,  the  re¬ 
sults  of  Lampoon,  to  which  we  presently  had  access,  were 
......  Bore  encouraging  and  had  a  more  direct  bearing  on  our  problem 

’•••.*  than  had  most  of  the  preceding  material. 


......  After  the  survey  of  relevant  background  material 

mentioned  above  and  many  discussions  of  possible  Important 
areas  of  investigation  and  after  a  trip  by  the  project 
director  to  the  Nevada  site  in  September  1951*  we  decided 
on  the  following  lines  of  investigation: 

1.  An  extension  to  three  dimensions  of  the  present 
one-dimensional  theory  of  flow  and  wave  transmission  in  an 
elastic-plastic  material, 

2.  A  comparison  of  the  results  of  this  extended 
theory  with  the  experimental  results  of  Lampson  and  of  the 
more  recent  tests. 

3.  An  adaptation  of  the  methods  of  statistical  mechan¬ 
ics  to  the  deduction  of  approcrlate  mathematical  equations 
for  flow  and  wave  propagation  in  soils, 
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4*  A  study  of  the  meaning  of  the  "pressure"  measure¬ 
ments  taken  in  the  test. 

It  vas  rather  evident  that  the  fourth  study  above 
would  have  to  await  the  development  of  a  fairly  satisfactory 
theory  of  soil  mechanics. 


1.3  GENERAL  DISCUSSION  OF  RESULTS  OBTAINED 

Most  of  the  results  of  our  studies  are  embodied  in 
Chapters  2  to  6.  In  this  section  we  shall  discuss  these 
results  in  general  terms  and  point  out  their  relations  with 
our  general  problem.  One  incomplete  result,  which  ia  not 
discussed  in  any  of  the  following  chapters,  seems  to  be  of 
sufficient  interest  to  be  included  in  this  section  and  is 
discussed  under  paragraph  1.3.2. 


1.3.1  The  Elastic  Character  of  the  Ground 

We  believe  that  result*  In  good  agreement 
with  the  experimental  data  will  b©  obtained  by  assuming 
that  the  ground  behaves  like  an  elastic  solid  at  distances 
from  the  explosion  corresponding  to  values  of  the  scale 
distance  >  which  are  greater  than  4*  We  have  come  to 
believe  this  so  recently  that  we  have  not  had  time  to  write 
up  the  rather  difficult  analysis  in  detail. 

We  were  led  to  consider  this  assumption  after  in¬ 
spection  of  the  data  in  Doll's  report  [4]  when  we  noticed 

that  the  earth  pressures  were  very  small  and  the  peak 

acceleration  (In  the  first  wave)  varied  like  aX  ”2  for 
distances  corresponding  to  \  >  4*  After  a  number  of 
unsuccessful  studies  of  the  equations  of  motion  in  an 
elastic  medium,  we  found  that  we  could  make  use  of  the  verv 
Important  recent  work  of  Professor  Pinney  on  "point  source" 
problems  in  an  elastic  half  space  [13]* 

One  of  the  problems  considered  by  Professor 
Pinney  in  that  paper  is  the  determination  of  the  wave 
motion  in  an  elastic  half  space  generated  by  the  instan¬ 
taneous  injection  of  a  small  spherical  hole  at  some  point 
in  the  half-sp^ce.  He  has  determined  exact  formulas  for  the 
resulting  displacements  on  the  surface.  Prom  this  solution 
one  finds  that  if  one  Inserts  this  volume  in  a  finite  time 
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according  to  iom  law,  on*  can  find  the  resulting  continu¬ 
ous  wave  notion.  A  rough  study  of  these  shows  that  at  suf¬ 
ficiently  large  distances  from  the  explosion  the  first  wave 
reaching  a  station  should  be  propagated  beyond  with  little 
distortion  and  that  the  amplitude  should  decrease  like 

a  X which  Is  in  accordance  with  Doll's  observations. 

Of  course  the  ground  is  not  strlotly  elastic  near  the 
source  but  the  waves  sufficiently  far  out  can  probably  be 
thought  of  as  having  arisen  from  some  equivalent  point 
source  in  a  strictly  elastic  medium. 


1.0.2  The  General  St reas-Strain  Relationship 


A  first  result  obtained  in  connection  with 
the  first  line  of  investigation  mentioned  in  §1.2  was  the 
determination  of  tne  most  general  relation  between  the 
stress  and  strain  tensors  which  could  be  possible  in  an 
Isotropic  medium.  These  results  are  set  forth  in  Chapter  2, 
the  only  assumption  being  that  the  components  of  the  stress 
tensor  in  Cartesian  coordinates  are  single-valued  functions 
of  the  components  of  the  strain  tensor  only.  The  object 
of  this  study  was  to  prepare  to  generalise  the  present  one¬ 
dimensional  theory  in  which  it  is  assumed  that  the  single 
component  of  stress  is  a  fairly  general  non-linear  function 
of  the  strain,  the  function  being  changed  whenever  the  rate 
of  change  of  the  strain  changes  sign.  However,  in  trying 
to  carry  through  the  complete  extension  to  three  dimensions, 
the  difficulty  arose  of  finding  the  condition  corresponding 
to  the  change  of  sign  of  the  rate  of  strain,  there  being 
six  components  of  strain  in  the  three  dimensional  case.  We 
were  thus  led  to  study  other  theories  of  placticity,  such 
as  that  of  Prager  and  Hodge  [14]  in  which  the  stress  also 
depends  on  the  rate  of  strain. 


1. 3. 3  A  Theory  of  the  Mechanics  of  Soil. 

These  difficulties  inspired  Professor  Pinney 
to  undertake  to  develop  a  theory  from  first  principles. 
This  very  interesting  theory  is  presented  in  Chapter  3. 

It  is  very  difficult  (see  below)  to  check  the  agreement 
of  any  of  the  known  theories  with  experimental  results. 

If  however  the  effect  of  the  surface  of  the  ground  is  neg¬ 
lected  (l.e.  we  assume  that  the  explosion  takes  place  very 
far  underground)  the  equations  are  greatly  simplified. 
Making  this  assumption,  we  found  that  a  first  draft  of 
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Professor  Finney's  theory  yielded  a  promising  agreement 
with  the  observed  variation  of  peak  acceleration  with  dis¬ 
tance. 


1.3.4  An  Apiratioaal  Solution  for  D1 aplaceaents 
in  an  Elastic  Half-Space 

In  Chapter  4*  Dr*  Stoneham  has  generalised 
Professor  Plnney's  point  source  results  to  the  case  where 
the  point  source  Is  replaced  bj  a  spherical  hole  of  finite 
else.  Although  the  results  are  similar  to  those  of  Professor 
Plnney,  the  methods  are  somewhat  different  and  constitute 
a  valuable  addition  to  our  knowledge  concerning  the  equa¬ 
tions  of  elasticity. 


1.3.5  A  Report  on  the  Work  on  Statistical  Mechanics. 


The  method  of  statistical  mechanics  has  been 
pursued  by  Professor  Morrey  with  a  view  to  developing  from 
first  principles  a  theory  of  ground  as  a  continuous  medium. 
Since  the  ground  is  actually  composed  of  small  particles 
the  method  is  not  an  unnatural  one.  Several  writers  on 
soil  mechanics  have  regarded  the  ground  as  consisting  of 
small  elastic  spherical  particles  which  exert  a  force  upon 
one  another  when  in  contact  according  to  a  law  developed 
by  Hertz  [5],  If  this  is  done  and  the  effects  of  friction, 
distortion,  and  rotation  of  the  particles  is  neglected, 
the  model  obtained  reduces  to  thr  ,  of  a  system  of  point- 
particles  (the  centers  of  the  spheres)  moving  according 
to  a  central  force  law  (the  force  between  two  particles 
being  zero,  of  course,  when  the  particles  are  not  in  con¬ 
tact).  This  is  a  standard  model  in  statistical  mechanics. 
This  program  has  not  been  completed  but  some  interesting 
results  have  already  been  obtained  and  many  aspects  of  our 
method  of  attack  are  new.  Chap tor  5  constitutes  a  progress 
report  on  this  work. 

In  particular,  a  complete  set  of  equations  has  been 
obtained  which  involve  the  assumed  central  force  law  ex¬ 
plicitly.  The  equations  are  those  appropriate  to  a  non- 
viscous  liquid  or  gas.  However,  the  analysis  gives  a 
strong  indication  as  to  how  the  method  can  be  applied  to 
discuss  the  solid  state.  The  results  also  suggest  that 
viscosity  is  definitely  due  to  the  finite  size  of  the  parti¬ 
cles;  viscosity  terms  can  only  be  found  by  making  a  care¬ 
ful  study  of  the  approximations  made. 

«■  5  • 

CUMKMTUl 


UNnKNTlJU. 


I MWN| 


PROJECT  1.9 

1.3.6  On  the  Application  of  Dimensional  Analysis  to 
Underground  liploefoha. 

This  chapter  presents  an  informative  and 
careful  study  of  the  conclusions  derivable  from  the  con¬ 
siderations  of  physical  dimensions  alone. 

1.4  IPSAS  FOR  FUTURE  WORK 

Our  experiences  to  date  suggest  that  further  theore¬ 
tical  work  be  carried  out  along  the  following  lines: 

1.  The  completion  of  the  study  of  Pinney's  point 
source  formulas  described  in  paragraph  l. 3. 1 

2.  Study  of  the  equations  of  motion  in  an  elastic 
half -space  with  elastic  constants  varying  with  depth  with  a 
view  to  the  determination  of  underground  effects. 

3.  A  study  of  the  significance  of  the  measurements 
of  earth  pressure,  assuming  the  surrounding  ground  to  be 
elastic. 

4.  A  study  of  the  motion  in  a  combined  medium  con¬ 
sisting  of  an  elastic  half-space  with  air  above  it,  in  order 
to  determine  the  effects  of  air  blast. 

5.  A  study  of  Pinney’s  theory  to  determine  effects 
nearer  to  the  explosion  than  the  elastic  range. 

6.  A  completion  of  the  study  of  statistical  mechanics 
along  the  lines  presented  in  Chapter  5  and  its  extension 

to  include  the  solid  state,  mixtures  of  earth  and  Air, 
etc.,  and  viscosity  effects;  this  might  lead  to  appropriate 
equations  valid  very  close  to  an  explosion. 
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CHAPTER  2 

THE  GENERAL  STRESS- STRAIN  RELATIONSHIP 


FOR  AN  ISOTROPIC  MEDIUM 

2.1  INTRODUCTION 

In  the  finite  deformation  theory  of  continuous  media, 
as  developed  by  Murnaghan,  a  general  expression  for  the 
stress-strain  relation  in  an  isotropic  medium  is  given  in 
terms  of  an  elastic  potential,  whose  existence  and  general 

functional  form  is  assumed  (see  [10],  pp.  91-94;  [16], 

pp.  314-318).  In  this  chapter,  we  derive  such  an  expres¬ 
sion  which  is  independent  of  the  elastic  potential  and 
assumes  only  the  existence  of  a  stress-strain  relation 
given  by  a  continuous  function  invariant  under  rotations. 

The  results  of  this  chapter  are  summed  up  in  Theorems 
2.1,  2.2,  2. 3,  and  2. 4. 

2.2  SOME  SASIC  PROPERTIES  OF  MATRICES 

This  section  is  a  summary  of  the  matrix  notions  and 
summation  convention  used  in  this  chapter.  For  an  elementary 
exposition  of  the  details  of  the  results  stated  here,  the 
reader  may  consult  Sokolnikoff,  Tensor  Analysis,  Chapter  1, 
Readers  familiar  with  these  notions  may  turn  immediately 
to  &  2.3. 

A  3  x  3  matrix  A  is  a  set  of  nine  real  numbers  a^ 

a^p  a^-j  a2i  *22  a23  a31  a32  *3^  *  the  com¬ 

ponents  of  the  matrix,  which  for  convenience  we  write  in 
the  form 


11 

a12 

*13 

21 

a22 

*23 

31 

*32 

*33 

or,  for  brevity,  write  symbolically 


Throughout  this  chapter  we  make  use  of  the  following 
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summation  convention:  if  in  a  term  a  certain  index  occurs 
twice,  this  ia  to  mean  that  the  term  is  to  be  summed  with 
respeot  to  that  index  from  1  to  3.  Thus 

^  Yp  =  ^  B  yp#  ®av  *  ~  ®ay  *  •  (2.1) 

Given  two  matrices  A  =  ||aa^||  and  B  =  ||bap||  $  we 

define  their  sum  C  =  A+B  and  their  product  D  —  AB  by,  for 
every  choice  of  a  and  0, 

Ca0  “  *ap  *  ba0;  da0  =  *av  b  vp* 

Addition  and  multiplication  of  matrices  obey  all  the  usual 
rules  for  the  addition  and  multiplication  of  real  numbers, 
except  that  the  multiplication  of  matrices  is  not  commu¬ 
tative. 

Equality  of  matrices  is  defined  as  follows: 

A  =B  if  for  every  a  and  0,  aflp  =  bap  . 

Multiplication  of  a  matrix  A  =  II  a~|i  and  a  number  \ 
1.  d.fln.d  by:  11  apli 

XA  =  ll°opH  *h®re  CaP  =  x,«p  * 


In  the 

usual  way  we  may 

assoc  la  te 

with 

the 

matrix 

A  =  11‘apll 

its  determinant 

•ll 

*12 

a13 

1  ~  |  *a0 1  - 

a__ 

a 

a 

21 

22 

23 

a. 

a„ 

31 

32 

33 

Determinants 

obey  the  simple 

rule 

:  AB  = 

|A| 

Ib| 

Matrices  derive  their  importance  from  the  fact  that 
they  are  closely  related  to  linear  transformations  of  a 

space  coordinate ad  by  coordinates  (y*,y2,y3)  into  the 
same  space  coordinatised  by  new  coordinates  (y'^,y*2,y,3) . 
Such  linear  transformations  are  defined  by  the  functions: 

-  8  - 

CONFIDENTIAL 

w  id*, 

wupiij  wuniMPi 


PROJECT  1.9 


.o  _ 


y  =  •  y 

ay  * 


(a  =  1,2,3) 


(2.2) 


An  especially  important  matrix 
is  the  identity  matrix,  denoted  by  I,  defined  by 


10  0 
I  =  0  10 

0  0  1 


=  IM 


where  is  the  usual  Kronecker  delta,  defined  by 


= 


for  a  =  £ 


aP  0  for  a/p 


acp  =  0  for  a  ^  0;  i.e. 


that 

IA  = 

AI  =  A 

is  an  example  of 
f  Its  components 

*11 

0 

0 

0 

*22 

0 

0 

0 

*33 

Diagonal  matrices  possess  two  highly  useful  properties: 


A|=*U  *22  *33 


*11  bll  0 

0 

AB  = 

0  a22  b22 

0 

0  0 

*33  b33 1 

=  BA 


If  B  is  also  a  diagonal  matrix,  with  diagonal  components 
bll»  b22»  b33  * 

If  to  a  matrix  A,  we  can  find  another  matrix  B  such 
that  AB  =  I,  then  it  may  be  shown  that  B  is  unique,  and  that 
BA  =  I.  We  call  B  the  inverse  of  A.  and  denote  it  by 

A”1.  The  determinants  satisfy  A-1  =J^a|.  In  terms 
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of  A~*  =  ||a“*  ||  »  w*  cou^d  allow  that  the  y*s  of  equa¬ 

tion  2.2  may  fe  expressed  In  terms  of  the  y''s  by  the  re¬ 
lation 

(a  *1,2,3)  .  (2.3) 


Not  every  matrix  possesses  an  inverse,  but  every  matrix 


A  does  possess  a  transpose  A# 
*pa  •  **7  be  8hoira  1A*I  = 


defined  by  a*  - 
ap 


A  matrix  A  is  said  to  be  symmetric  if  aQp  =  a^u  for 

every  a  and  0,  or  equivalently  if  A*  =  A.  Notice  that  an 
equation  involving  matrices  is  equivalent  to  nine  equations 
Involving  numbers. 


.-*•*.  It  can  be  proved  that  the  condition  that  the  linear 

Y‘"\  transformation  defined  by  equation  2.2  correspond  to  what 
we  mean  geometrically  by  a  rotation  can  be  expressed  in 
matrix  notation  by  the  conditions 

•  • 

a*  =  a-1  |  a  |  =i  (2.4) 

*  #  * 

;**v  For  a  rotation  we  have  by  equations  2.2  and  2.3,  since 

.-1  _  .#  _  . 

1  —  ft  —  I  ^  . 

aT  ay  ya 

=  7°  =  »rJ,y-  (2-5) 

*  « 

*  *  • 

.  *  »  *  • 

There  exists  a  very  useful  relation  between  symmetric 
matrices,  diagonal  matrices,  and  rotations.  To  every 
syamietric  matrix  E,  there  can  be  found  a  rotation  C  such 

that  CEC*1  =  E1  is  a  diagonal  matrix. 


Two  matrices  E  and  E*  are  called  similar  if  they  can 
be  transformed  into  one  another  by  means  of  linear  trans¬ 
formations  which  possess  an  inverse,  i.e.,  there  exists  a 

matrix  C  such  ihat  E'  =  CEC1.  A  numerical  valued  func¬ 
tion  of  a  matrix,  f(E),  is  called  an  invariant  if  for 
similar  matrices  E  and  E’,  f(L)  =  f ( K * ) . 


A  very  important  example  of  an  invariant  is  the  character 
iatic  polynomial  of  a  matrix  E,  defined  by 

<px(E)  -  I  E-  XI  |  . 
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If  this  determinant  is  expanded  in  powers  of  A  $  it  will 
be  seen  to  be  a  cubic  polynomial  which  we  write 

<PX(E)  =  A3-LX2  +  MA2-N 

where  the  coefficients  L#M,N  are  functions  of  E.  For 
similar  matrices  E  and  &'  =  CEC"^,  aince 

U'-All  =  |  CEC*1-  AlCC"1 1  ”  |CEC*'1-G  AlC**1! 


—  1  C ( E-  ADC"1 1 
=  |  E-  A I  i  . 


Therefore 

A3-  L(E')  A  M(E»)  A  -  N(E')  =  A  3“L(E)  A2«*(E)  A“N(E) 

and  since  these  cubic  polynomials  agree  for  all  A  ,  the 
coefficients  are  equal: 

L(R')  =  L(E)  M(E')  =  V(E)  N(E»)  =N(E). 

L,m,  and  N  are  explicitly  given  by,  for  E  =  || j|  , 

L(E)  —  ®n  +  ®2P  +  ®33 

M(E)  =  (en  «22"*12  ®21}  +  (®22  ®33~®23  ®32*  4  (®33  ®11~®31®X3) 
N(£)  =  jeapj 


2,3  THE  STRESS- STRAIN  FUNCTION 

Consider  a  continuous  medium  which  ia  undergoing  de¬ 
formation.  We  suppose  the  body  to  be  coordinat ixed  by  a 
Cartesian  coordinate  system.  por  a  given  material  point  P 
we  let  (al,a2/i3)  be  its  coordinates  in  the  initial  state  and 

( x\x^x3 )  be  its  coordinates  in  the  deformed  state.  We 
assume  that  these  coordinates  are  related  by  differentiable 
functions : 


xa  =  xa(aV2/i3)  (a  =1,2,3). 

The  point  P  has  then  undergone  a  displacement  u,  due  to 
the  deformations,  whose  components  are 
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x«(»V2^3)  -  *a  (a  =  1,2,3). 


(2.6) 


As  a  measure  of  the  strain  associated  with  the  de¬ 
formation  in  the  finite  deformation  theory  we  consider  the 
set  of  nine  quantities 


(2.7) 


For  the  geometric  and  physical  significance  of  the  eap 

see  Sokolnikoff ,  Mathematical  Theory  of  Elasticity  (McGraw 
Hill,  19^6)  PP.  20-32.  The  quantities  e0p  are  symmetric, 

i.e.  #c3  =•  e^  ,  and  thus  they  may  be  taken  as  the  com¬ 
ponents  of  a  symmetric  matrix  E. 


Let  the  Cartesian  system  (xl,x?x3)  be  transformed 
into  a  new  coordinate  system  (x1 ^,x'^,x'3)  by  a  rotation 
matrix  C  =  j(cQ  ||  .  Now  it  may  be  shown  that  the  quanti¬ 
ties  ea0  are  the  components  of  a  covariant  tensor  of  rank  2 

(110],  p.  77;  [16],  pp.  291-299).  This  means  that  if  P  is  a 

material  point  at  which  the  strain  components  in  the  old  and 
new  coordinate  systems  are  denoted  by  eaQ  and  e’«  respectivel 
then  P 


12  3 
e'  (x'  , x *  , x '  ) 
op 


.rfU.x,x> 

,  1  2  3 
x  ,x  ,x  ca>  cps 


(2.8) 


,  1  2  3x 

°o>  U’x  'x  > 


since  by  equation  2.5 


3x« 


a 


c 


-1 

>  a  ■ 


The  reader  may  check  equation  2.8  for  himself  by  substituting 
in  equation  2.7 


3u 

as 


7F 


C 


Pi  * 


ffe  have  shown  then  that  if  E'  =  ||e^|j  is  the  matrix  of 
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the  strains  in  the  new  coordinate  system,  the  following 
relation  holds  between  the  strains  in  two  coordinate  systems 
which  may  be  transformed  into  one  another  by  a  rotation 
C: 


E* 


(2.9) 


Next  consider  the  set  of  nine  quantities 
Tcp(a*P  =  1*2,3)  associated  with  the  (xl,x2,x3)  coordinate 

system  which  it  is  known  are  sufficient  to  characterize  the 
state  of  stress  at  any  point  of  the  medium.  Similarly  let 
be  the  corresponding  set  of  quantities  associated  with 
the  (x'1,x*2,x3)  coordinate  system.  The  Tap  may  be  regarded 
as  the  components  of  both  a  matrix  and  a  tensor,  and  ve  may 
obtain  an  equation  for  the  Tap  similar  to  equations  2.8 
and  2.9  ([15],  pp.  44-45): 


Tap  “  ca s  Tap 

T '  =c  T  0"1 
where  T  =  ||Tap||  lfl  ^  stress  matrix. 


(2.10) 

(2.11) 


Now  let  us  suppose  that  there  is  a  relationship  be¬ 
tween  the  stress  and  strain  matrices,  defined  by  means  of  a 
continuous  matrix  function  P  as  follows; 


T  =F(E)  (2.12) 

By  this  we  mean  that  every  component  of  T  is  a  func¬ 

tion  of  the  six  independent  components  of  E: 

ra(3  =  fap(E)  =  f  a0(ell,e22*33*12*23*31)  (2.13) 

To  say  that  P  is  a  continuous  matrix  function  is  to  say  that 
each  fap  is  a  continuous  function  of  its  six  arguments.  If 
the  radium  is  assumed  to  be  isotropic ~  then  the  stress- 
strain  relation  must  be  invariant  under  rotation  ([15], 
p.  65).  That  is,  let  P  be  a  point  in  the  medium  whose 
coordinates  in  a  given  coordinate  system  are  (xl,x^,x3),  and 
are  (x' l,x,2fx,3)  in  a  new  coordinate  system  obtained  from 
the  given  one  by  a  rotation  C,  At  P,  let  the  strain  and 
stress  matrices  in  the  given  coordinate  system  be  denoted 
by  E  and  T  respectively,  and  in  the  new  system  by  E'  and  T' 
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respectively.  Then 

T*  =  F(E')  (2.1k) 

But  by  equation*  2.11  and  2.9 

T»  =  CTC'1  =  CP(E)C“1  =  CFfC^E'CXT1  (2.15) 

ao  that  equating  equation*  2.11+  and  2.15 

C“1P(E'  )C  =  FfC^E'C). 

V*  have  thua  ahovn  the 

Theorem  2.1  The  matrix  function  specifying  the  stress- 
strain  relation  (of  equation  2.12)  in  an  isotropic  medium 
must  be  such  that,  for  any  symmetric  matrix  E  and  any  rota¬ 
tion  C, 

F(C"1EC)  =  C~lF (E)C.  (2.16) 

The  remainder  of  this  chapter  will  deal  with  the  prob¬ 
lem  of  characterizing  a  matrix  function  of  this  kind. 

2.4  TOE  STRESS -STRAIN  FUNCTION  FOR  DIAGONAL  MATRICES 

We  note  first  that  P  is  completely  determined  by  its 
▼slues  for  diagonal  matrices.  For  to  every  symmetric  matrix 
E,  there  may  be  found  a  rotation  C  such  that  CEC”*  =  D  is 
a  diagonal  matrix.  Then  by  equation  2.16,  F(E)  =  CFfDjC”1, 
which  establishes  the  remark  made. 

However,  since  for  a  given  E,  the  rotation  C  may  be 
followed,  by  another  which  carries  a  first  diagonal  matrix 
into  another  with  its  elements  permuted,  the  function  F 
for  diagonal  matrices  must  satisfy  certain  conditions  of 
symmetry. 

Por  a  diagonal  matrix 

a  C  0 

E  =  0  b  0 

0  0c 

we  have  by  equations  2.12  and  2.13 
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P<B>  =  ilv*b*c)l 

If 


0  10 

0  0  1 

c  - 

then 

0  0  1 

10  0 

b  0  0 

c-1  = 

10  0 

0  10 

f22  f32 

fi 2 

CEC"1  = 

0  c  0 

0  0a 

opfEle*1  = 

f23  f33 
f21  f31 

fl3 

(2.1 

where  fap  stand  for  fap(a,b,c).  Forming  FfCBC-1),  we 

equate  It,  component  by  component,  to  CF(B)C"1#  Among  the 
relations  we  obtain  are 


f xx(b,c,a)  —  f22(a,b,c )  (2.18) 

f22(b»c#a)  =  f^(a,b,c)  so  f^(a,b,c)  =  f22(b,c,a)  =  fxl(c,a,b) 

f“l3(b*c,a)  =  f12(a,b,c)  so  f^(a,b,c)  =  f^fc^b) 

f 23(15,0, a)  =  fX3(ft,b,c)  so  f2X(a,b,c)  =  f^(c,a,b)  =  f12(b,c,a) 

f2l(b,c,a)  =  f23(a,b,c)  so  f21(a,b,c)  =  f^fc, a, b)  =  f^ta^^) 

f^x(b,c,a)  =  f21(a,b,c)  so  f^x(a,b,c)  =  f21(c,a,b)  =  f^U^b) 

f^2(b,c,a)  —  f^x(a,b,c)  so  f^2(a,b,c)  —  f^x(c,a,b)  —  f^p(b,c,a) , 

Thus  In  terms  of  f^x  and  f^2  the  function  F  may  be  represented 


fn(a,b,c) 

f  ^2  ( a » b ,  c ) 

fl2(c,a,b) 

lif‘ap(*»b*c)H  = 

f12(a,b,c) 

fn(b,c,a) 

f12(b,c,a) 

fX2(c,a,b) 

^(W^a) 

fxl(c,a,b) 1 
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C 


then 

CSC”1 


1  0 
0  0 


0 

1 


C"1  SS 


1 

0 


0  0 
0  -1 


II 

o 

1 

M 

oil 

II 0 

1 

oil 

= 

a  0 

0 

fl3 

“f12 

0  c 

0 

CKEJC'1  = 

f13 

f33 

~f23 

0  0 

b 

'f12 

*f23 

f22 

(2. 


In  the  same  way  that  equation  2.18  was  obtained  from  equa¬ 
tion  2. 17,  we  obtain  from  equation  2.19 

^ll(a*c*b)  =  ^ll(a#b,c) 

=  f13^a*b»c)  •<>  f^U^b)  =  f12(a,b,c) 
f^^ta^Cjb)  *  — f|g(a>b>c) . 

Va  therefore  infer  about  f  ^  that 

•o  that  f^  5  0*  and  infer  about  f^  that 

fn(,'b>0)  =  fu(a'e'b)- 

Application  of  other  specific  rotations  gives  no  new  in¬ 
formation.  If  we  write  f  instead  of  f  ^  we  have  proved 

Theorem  2.2  If  F(E)  is  a  matrix  function  of  a 
symmetric  matrix  S  such  that,  for  any  rotation  C, 

F( C“^EC )  =  C-1F(E)Ct 
then  for  diagonal  matrices 
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a 

0 

0 

f (a,b,c) 

0 

0 

F 

0 

b 

0 

0 

f (b,c,a) 

0 

0 

0 

c 

J 

0 

0 

f  (c,a,b) 

(2.20) 


where  f  It  a  function  symmetric  In  the  last  two  arguaenta: 

f(a,b,c)  =  f(a,c,b)  (2.21) 


2.5  A  HBCBSSARY  A HD  SUFFICIENT  COHDITIOH  FOR  THE  STRESS- 
STRAIN  FUNCTION 

Lemma  2.1  Suppose  f(a,b,c)  is  any  polynomial  of 
degree  n  which  is  symmetric  in  b  and  c.  Then  there  exists 
polynomials  fj(atb,c)  of  degree  less  than  or  equal  to  i 
which  are  symmetric  in  (a,b,c)  such  that 


n  _  . 

f(a,b,c)  =  £  . 

1*0 

This  is  a  special  case  of  the  theorem  given  in  [3]  , 
p.  132.  In  fact,  since  f{a, b,c)  is  a  symmetric  polynomial 
in  b  and  c,  we  may  write 

f(a,b,c)  =  P(a,b+c,bc) 

where  P  is  a  polynomial  in  these  three  variables  [3], 
p.  129.  We  note  thrt 

b+c  —  L-a 
be  =  a(a-L)+M, 

where 

L  =  a+b+c 
M  =•  ab+ac+bc. 

Hence 


f(a,b,c)  =  P(a,L-a,a(a-I,)+M) . 


By  rearranging  In  the  explicit  powers  of  a  we  obtain 
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f(»,b,c)  *  £  g^L.M)*11-1  q.E.D. 

1»0 

Applying  this  Law*  ve  prove  the  following 

Theorem  2.3  Suppose  the  symmetric  matrix  T  is  a  function 
P(E)  of  the  symmetric  matrix  K,  where  the  components  of  T 
are  polynomials  in  the  components  of  E.  and  such  that  the 
relation 

CPdXT1  =P(CBC"1)  (2.22) 

holds  for  all  rotation  matrices  C.  Then  there  are  poly¬ 
nomials  ?0(L,¥,I),  ?2(L,M,H)  in  the  in¬ 

variants  L,M,M  such  that 

P(E)  =  $>0(L,¥,I)I  +  ^(L.M.N)*  +  (pjU.M.NJE2  (2.23) 

Proof:  Suppose  first  that  E  is  the  diagonal  matrix 
of  Theorem  2.2 ,  then  by  Theorem  2.2  and  Lemma  2.1 


Ir  a  0  0 

0  b  0 

0  0  o 


where  each  fj(a,bfc)  is  a  symmetric  polynomial  in  a,b,j. 
It  la  well  known  [3],  p.  129  that  each  can  be  written 
in  the  fora 

f  (a,b,c)  =  Y  (L#M,N) 

where 

L  =■  a+bt-c,  M  =  ab+ac+bc,  K  =  abc 

and  where  is  a  polynomial  in  L,M,N.  Also,  from  the 

definition  of  matrix  products 
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Thus,  from  equation  2.2I4. 

F(E)  —  Z  (L,M,N)fin"i  (2.25) 

i=0  1 

One  verifies  directly  that  the  diagonal  matrix  £  satisfies 
the  relation 


g3-LE2  +  ME-NI=0 

so  that,  we  may  express  all  the  powers  of  £  beyond  the 

second  in  terms  of  I,  E,  and  E^.  Making  this  substitution 
in  equation  2.25,  *«  obtain  for  diagonal  matrices  E,  the 
relation 

F(E)  =  <po(L,M,N)I+  92(L,M,N)E2  (2.26) 

in  which  <j^,  <pp  are  Poly110®*8^. 

But  now,  suppose  E  is  any  symmetric  matrix.  Let  C 

be  a  rotation  matrix  such  that  JE’C”^  =  E,  E*  being  diagonal. 
Let  L' ,M* ,N 1  be  the  invariants  for  £*,  then  by  §2.2 

L  =  L»,  M  =M»,  N  =  N ’  .  (2.2 7) 

Also  we  note  that 

OIC"1  =1,  CE'C*1=E,  i;(E')2C*1  = (CE'C*1) (CE'C’1)  =  e2  , 

(2.28) 


Hence  we  obtain  the  equation  2,2 6  for  F(E)  in  general. 

If  in  Theorem  2.3  we  replace  the  word  "polynomial", 
whoever  it  occurs,  by  the  expression  "twice  differentiable 
and  continuous  function"  then  the  theorem  may  be  shown  to 
still  hold.  In  its  present  form,  the  proof  is  somewhat 
tedious.  It  proceeds  by  uniformly  approximating  F(E)  by 
polynomial  relations  Fn(E)  for  which  by  Theorem  2.3 

Fn(E)  “  <?o(LMN)I  +  <?i(LMN)E+  ^(LfflOE2.  (2.29) 

n  n  n 

One  then  shows  that  the  polynomials  <5q,  converge 

to  continuous  functions  (po»  ^1*  <$?2»  and  aquation  2.23 
is  established.  It  is  hoped  that  in  a  later  report  this 
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work  say  be  simplified  and  presented. 

Theorem  2.3  admits  the  following  converse,  which 
follows  immediately  from  equations  2.27  and  2.2 o: 

Theorem  2.4  If  F(E)  is  a  relation  of  the  type  in 
Theorem  2*3  equation  2.2 3,  then  it  satisfies  the  relation 

FjCBC*1)  -  CF( E) C“^ 

for  all  symmetric  E  and  rotation  matrices  C. 
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CHAPTER  3 

A  THEORY  OF  THE  MECHANICS  OF  SOIL 
3.1  INTRODUCTION 

Static  and  dynamic  stress  distributions  in  soils  are 
important  in  geophysics,  in  civil  engineering,  and  in 
certain  other  fields.  Typical  problems  occur  in  the  theories 
of  building  foundations,  in  earthquake  theory,  in  seismic 
explosions,  and  in  the  resistance  of  structures  to  earth* 
quake  motion.  In  aeismological  theories  of  earthquake  waves, 
the  earth  is  usually  approximated  as  an  elastic  solid. 

While  this  approximation  is  probably  good  at  depth  it  is 
questionable  near  the  surface  where  the  pressure  is  not 
great.  Moreover,  as  indicated  by  the  Rayleigh  wave  phenomena, 
the  aurface  effects  are  especially  important  in  geophysics. 

The  purpose  of  this  paper  is  to  develop  a  theory  which  may 
more  closely  approach  the  mechanics  of  soils  than  the 
classical  theory  of  elasticity. 

It  is,  of  course,  hopeless  to  expect  to  determine  the 
individual  behavior  of  each  soil  particle,  and  no  useful 
theory  can  involve  such  detailed  knowledge.  Our  basic  data 
must  be  taken  as  averages  over  many  particles,  and  we  are 
limited  to  no  more  specific  predictions  than  those  of  the 
average  behavior  of  many  particles.  Roughly  speaking  we 
will  be  concerned  with  distances  of  three  orders  of  magni¬ 
tude.  Distances  of  the  order  of  the  dimensions  of  the 
soil  particles  or  less  may  be  called  microscopic.  Distances 
of  the  order  of  the  dimensions  of  the  whole  soil  field  may 
be  called  macroscopic.  Distances  large  enough  that  under 
uniform  conditions,  stresses  averaged  over  areas  of  these 
dimensions  have  suitably  small  standard  deviations  may  be 
called  mesoscopic.  For  example,  in  certain  soils,  distances 
of  the  order  of  hundredths  of  an  inch  might  be  microscopic, 
distances  of  the  order  of  inches  might  be  mesoscopic,  and 
distances  greater  than  ten  feet  might  be  regarded  as  macro¬ 
scopic  . 


Experimental  data  will  be  mesoscopic  because  detection 
instruments  are  mesoscopic.  Our  predictions  will  apply  to 
at  least  mesoscopic  dimensions.  The  stresses  we  will  discuss 
will  be  forces  applied  to  at  least  mesoscopic  areas,  unlike 
stresses  in  the  theory  of  continuous  media,  where  the  areas 
of  application  are  allowed  to  tend  to  zero,  thus  defining 
the  stresses  as  point  functions.  Actually  we  will  also 
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speak  of  stresses  as  point  functions,  but  will  really  mean 
average  stresses  averaged  over  some  mesoscopic  area  centered 
at  the  point  in  question.  Of  course  these  may  differ 
widely  from  the  actual  stresses  at  that  point. 

It  will  be  assumed  that  the  soil  is  homogeneous  in 
the  mesoscopic  sense.  By  this  we  mean  that  the  particle 
arrangements  and  particle  size  distributions,  etc.,  obtained 
from  a  series  of  samples  of  mesoscopic  dimension  are  the 
same  within  suitably  small  deviations.  The  assumption  of 
isotropy  in  a  similar  mesoscoDic  sense  will  considerably 
simplify  the  theory,  although  a  non-isotropic  theory,  simi¬ 
lar  to  the  elastic  theory  of  crystals  might  be  developed. 
Mesoscopic  isotropy  will  be  assumed  in  the  present  theory. 

The  hypothetical  material  discussed  here  differs 
from  an  elastic  solid  in  two  particulars.  First,  it  is 
assumed  that  the  material  cannot  support  tension.  Second, 
a  Coulomb  friction  mechanism  governing  the  internal  particles 
is  postulated  in  the  plastic  yield  condition  equation  3.13 
and  in  the  assumed  form  of  the  frictional  loss  of  internal 
energy. 


Heuristic  arguments  for  the  assumed  forms  are  given, 
based  on  certain  physical  considerations.  However  it  must 
be  borne  in  mind  that  at  this  point  adequate  experimental 
evidence  does  not  exist  as  to  the  relative  Importance  of 
various  plausible  theoretical  mechanisms  in  the  mechanics 
of  soils.  All  such  theories  m  this  are  therefore  tentative; 
one  is  justified  in  developing  them  as  long  as  serious 
conflicts  between  theory  and  experiments  do  not  arise  to 
diminish  their  plausibility. 

To  save  having  to  rewrite  a  number  of  formulas  and 
to  avoid  breaking  into  the  main  line  of  argument,  certain 
corrections  to  take  into  account  the  effects  of  water  in  the 
soil  are  developed  before  the  theory  of  dry  soil  is  developed. 
The  arguments  employed  are  very  rough--one  might  say  semi- 
plausible.  The  final  results  do  not  seem  unreasonable. 

Further  experimental  guidance  is  needed. 

In  §  3.2  a  rough  analysis  of  the  effects  of  surface 
tension  in  the  soil  water  Is  given.  A  similar  treatment 
of  the  effect  of  water  viscosity  is  given  in  §3.3.  In 
§  3.1*,  the  c>ndition  for  plastic  yielding  of  the  soil 

is  derived. 
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3.2  1KT  SOIL  -  SURFACE  TENSION 

We  will  now  supooae  that  a  sufficiently  large  amount 
of  water  has  entered  the  soil  to  fill  an  appreciable  frac¬ 
tion  of  the  air  spaces  between  particles  in  a  uniform  manner 
throughout  the  region  of  interest.  Under  these  circum¬ 
stances  the  connected  bodies  of  water  in  the  soil  may  be 
expected  to  be  of  very  much  larger  than  microscopic  dimen¬ 
sions — possibly  of  macroscopic  dimensions,  for  the  cohesion 
of  water  tends  to  keep  these  bodies  from  breaking  up.  In 
such  water  bodies  the  pressure  due  to  surface  tension  will 
be  constant.  It  seems  not  unreasonable  to  assume  this 
pressure  to  be  constant  throughout  the  medium. 

The  pressure  due  to  surface  tension  is  given  by 


where  R^  and  are  the  principal  radii  of  curvature  of  the 

water  surface,  and  ars  considered  positive  or  negative 
according  as  the  corresponding  centers  of  curvature  lie  on 
the  water  side  or  the  air  side  of  the  surface,  respectively. 

T  is  the  constant  of  surface  tension  and  has  the  value 
73  dynes/cm  for  water  at  20°C. 

Consider  the  water  near  a  point  of  contact  C  between 
two  particles.  The  principal  curvatures  of  the  water  sur¬ 
face  will  be  In  planes  roughly  parallel  to  the  plane  of 
contact,  and  perpendicular  to  this  plane.  The  radius  of 
curvature,  R]_,  in  the  latter  plane  will  generally  be  small 
compared  to  the  other  principal  radius  of  curvature  R£,  so 

by  equation  3.1,  is  nearly  constant.  is  roughly 
proportional  to  the  distance  between  the  two  particles  at 
the  water  surface,  and  this  is  roughly  proportional  to  the 
area  of  the  cross-section  of  the  water  in  the  plane  of 
contact  which  1.s  therefore  roughly  constant  for  all  particles 
large  enough. 

Since  p  is  constant  it  would  apoear  that  each  suffi¬ 
ciently  large  oartic'ie  is  subjected  to  roughly  the  same 
normal  force  in  the  region  around  each  point  of  contact, 
this  force  being  roughly  independent  of  the  amount  of  water 
present.  Smaller  particles  would  be  completely  inundated 
by  water,  but  in  this  case  they  may  be  considered  to  be 
joined  to  their  neighbors  Into  a  larger  composite  "particle" 
which  will  be  of  type  already  discussed. 

Statistically  we  may  expect  the  individual  oarticles 
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to  have  numbers  of  points  of  contact  with  other  particles 
roughly  oroportional  to  their  surface  area.  Therefore  In  a 
rough  way,  the  forces  due  to  surface  tension  acting  on  the 
particles  are  statistically  proportional  to  their  cross- 
sections.  Therefore  these  forces  per  unit  cross-section 
area  are  statistically  constant,  and  the  effect  of  surface 
tension  Is,  according  to  these  assumptions,  to  add  a  con¬ 
stant  pressure  to  the  stress  in  the  medium  which  is  at  moat 
weakly  dependent  on  the  degree  of  saturation  of  the  soli 
by  the  water.  Applying  dimensional  reasoning  to  equation  3.1, 
we  might  expect  this  pressure  to  be  given  by 

p  =  Vr/d  (3.2) 

where  d  is  some  sort  of  statistically  derived  distance 
measurement,  such  as  a  mean  soli  grain  diameter  or  something 
similar. 

If  there  la  very  little  water  present,  or  if  the 
soil  is  virtually  saturated,  these  conclusions  may  not, 
of  course,  be  expected  to  hold.  On  the  other  hand  surface 
tension  probably  plays  a  minor  role  in  these  cases. 

In  practice  p  may  be  small.  By  equation  3.2,  for 
dsO.lu,  p  =  0.42  lb/ln2. 

3.3  WET  SOIL  -  VISCOSITY 

When  the  particles  of  the  soil  move  with  respect  to 
one  another,  the  viscosity  of  the  water  may  play  a  role. 

To  a  leaser  extent  the  elastic  deformation  of  the  particles 
causes  motion  in  the  water  even  when  there  is  no  slipping, 
and  this  motion  may  generate  viscous  forces.  We  shall 
attempt  a  crude  analysis  of  the  effect  of  viscosity  in  the 
water  on  the  mesoscopic  components  of  stress. 

Consider  the  liquid  between  two  particles  in  contact. 
When  relative  motion  occurs  it  must  be  expected  that  the 
liquid  in  the  immediate  vicinity  of  .the  points  of  contact 
slips  over  the  solid  surface  in  a  semi-solid  manner,  possibly 
exhibiting  marked  internal  turbulence.  We  will  not  pre¬ 
tend  to  analyse  the  behavior  of  the  fluid  in  this  region, 
but  will  assume  that  its  effect  can  be  accounted  for  by 
modifying  the  Coulomb  coefficient  of  friction  of  the  medium. 

Outside  this  "Coulomb  friction"  region  we  will  assume 
that  the  water  flows  as  a  classical  viscous  fluid.  The 
shearing  motion  and  therefore  the  viscous  effect  is  greatest 
where  the  particle  surfaces  are  nearest  together.  Suppose 
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we  consider  the  flow  to  be  analogous  to  that  between  two 
parallel  plates  when  one  is  moving  edgewise  with  a  velocity 
V  relative  to  the  other.  In  this  case  each  plate  suffers 
a  shearing  stress  /tV/z,  where  z  is  the  distance  between 
the  plates  and  /*  is  the  coefficient  of  viscosity  of  the 
water. 

We  might  use  the  expression  ^V/e  for  the  viscous 
drag  in  this  case  where  z  is  variable.  This  is  not  a  very 
good  approximation,  but  it  Is  enormously  more  convenient 
than  an  attempt  to  make  a  very  accurate  analysis.  This 
expression  probably  overestimates  the  drag  where  the  sur¬ 
faces  are  farther  apart  and  less  nearly  parallel. 

We  will  consider  the  case  of  a  sphere  in  contact  with 
a  plane,  and  will  attempt  to  extrapolate  from  this  case  to 
the  general  one. 

Let  the  plane  in  question  be  the  z  =  0  plane  in  an 
x,y,z  -  rectangular  coordinate  system,  and  let  the  sphere 
be  of  radius  R  and  tangent  to  this  plane  at  the  origin. 
Suppose  the  ’Coulomb  friction"  region  is  a  small  circle  of 
radius  a  about  the  origin,  lying  in  the  *  s  0  plane.  Near 
the  origin  the  distance  from  the  sphere  to  the  plane  is 

r2/(2R)  +  0(r^/R3),  where  r  is  the  distance  from  the  z~axis 
to  the  point  in  question.  Accordingly  we  will  approximate 
the  stress  by 

2/iVR/r*  [  1«-C(r2/R2)]. 

Integrating  this  from  the  Coulomb  friction  region  to  a 
circle  of  radius  R’  about  the  origin,  the  total  force  is 


P  =  l^ir/iVR  £n(R'/a)  [  1+0 ( R ' 2/R2 )] 

In  general  in  a  soil  we  will  be  concerned  with  the 
rate  of  strain  e  =  V/R  rather  than  the  velocity  V  of  one 
particle  with  respect  to  another.  Then  dividing  P  by  the 
area  trR2  of  a  great  circle  cross-section  of  the  sphere, 

t  =  l*/*e  in(R'/a)  [  1+0 ( R ' 2/R2 )]  (3.3) 

represents  a  shearing  force  per  unit  area  of  the  sphere’s 
projection  on  the  plane  due  to  the  viscosity  of  the  water. 

The  quantity  R1  used  in  this  analysis  will  be  taken 
near  to  the  radius  of  the  water  surface  if  the  sphere  is 
not  immersed,  or  of  the  order  of  the  radius  of  the  sphere 
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if  it  la.  It  will  be  assuaed  that  a  4  4  R.  If  R'  la  not 
large  with  respect  to  a  it  may  ba  assumed  that  wary  llttla 
watar  la  praaant  in  the  ajediiaa  and  that  lta  viscous  af facts 
will  not  ba  Important.  On  tha  other  hand  if  R 1  >  >  a,  tha 
function  ln(R'/»)  is  a  slowly  varying  function  of  its 
argument.  Both  tha  affact  of  tha  0(RT2/R*}  term  and  a 
corractlon  for  tha  arror  of  our  parallel  plate  flow  approxi¬ 
mation  would  tend  to  make  tha  coefficient  of  4/*®  in  aqua¬ 
tion  3.3  even  more  slowly  varying  than  this.  We  will 
accordingly  make  tha  extrapolation  that  in  general  the 
viscous  shear  is  given  by  an  expression  of  the  form 

T  =  Me,  (3.4) 

where  M  is  a  constant  of  the  medium. 

Tha  meaning  of  this  is  that  we  will  consider  the 
viscosity  of  water  in  the  soil  to  be  accounted  for  simply 
by  adding  to  our  mesoscopic  components  of  stress  the  usual 
expressions  due  to  viscosity  in  a  continuous  liquid  whose 
coefficient  of  viscosity  is  M. 

M  will  ba  a  constant  for  a  mesoscopically  homogeneous 
and  isotropic  medium.  However  it  will  differ  from  one  such 
medium  to  another.  It  may  be  expected  to  depend  on  the 
distribution  of  particle  sizes  in  the  medium  and  (although 
nOtstrongly)  on  the  degree  of  saturation  of  the  soil. 

3.4  THE  COULOMB  FRICTION  YIELD  CONDITION 

Dry  soil  is  Incapable  of  supporting  appreciable  ten¬ 
sion.  Accordingly  the  three  principal  stresses  will  be 
assumed  to  be  compressive  and,  according  to  convention, 
will  ba  non-positive.  If  one  of  these  should  become  zero 
at  an  interior  point  of  the  medium,  the  soil  will  break 
apart,  initiating  a  new  regime. 

Assiase  now  that  all  principal  stresses  are  negative. 
Then  any  mesoscopic  surface  area  supports  a  non-zero  normal 
stress.  A  soil  differs  from  an  elastic  solid  in  that  it 
can  sustain  only  a  limited  shearing  stress  on  this  surface 
area  without  suffering  permanent  or  plastic  deformation. 

We  will  assume  that  the  mechanism  of  yielding  and  deforma¬ 
tion  are  similar  in  nature  to  those  of  Coulomb  friction 
and  will  use  physical  arguments  based  on  the  idea  of  Coulomb 
friction  in  justification  of  the  yielding  hypothesis  equa¬ 
tion  3.13  advanced. 

At  any  given  point  in  the  soil  the  ratio  R  of  the 
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tangential  to  the  normal  stress  can  be  calculated  with 
respect  to  a  mesoscopic  surface  area  oriented  in  a ny  direc¬ 
tion.  Ey  varying  the  direction,  R  may  be  made  to  take  on 
Its  maximum  value  Ve  will  assume  that  as  long  as  R^ 

remains  less  than  a  certain  constant  k  (called  the  coeffi¬ 
cient  of  friction  for  the  soil),  sliding  does  not  occur, 
and  the  system  is  conservative  in  the  immediate  neighborhood 
of  the  point  in  question.  On  the  other  hand,  if  R^  grows 
as  large  as  k,  sliding  will  occur,  with  attendant  loss  of 
energy  by  friction,  in  such  a  manner  as  to  keep  Rj|  from 
growing  larger  than  k.  Therefore  we  have 

R«  £  k  (3.5) 

k  may  not  be  equal  to  the  coefficient  of  friction 
between  any  particular  pair  of  particles,  which  may  vary 
considerably  from  one  pair  to  another  if  several  different 
materials  are  present  in  the  soil.  It  is  a  mesoscopic 
rather  than  a  microscopic  parameter. 

We  will  now  calculate  Rgj.  Let  t2,  T3  be  the 

principal  stresses  at  the  point  P  of  Interest,  and  assume 
Ti  f2  T3  *  0.  Establish  a  rectangular  coordinate 
system  with  origin  at  P  and  axes  along  the  principal  direc¬ 
tions  of  stress  at  P,  Now  consider  a  plane  through  P  whose 
normal  has  direction  cosines  i/2#  1/3  with  respect  to 

this  system.  Prom  the  tensor  law  of  transformation  of  stress, 
the  component  of  force  normal  to  this  surface  is 

2  2  2 
fl  V1  +  T2  ^2  +  T3  v3  » 


and  the  square  of  the  magnitude  of  the  total  force  is 

~  2  2  ^  2  ?  2  2 
1 1  ^ g  +  3  "^^3 


Therefore 


y  2  2  +  y  2  2  .  y  ^2 

r2  +  1  =  T1  V1  .  *  T2  ^2  *  T3  V3 


(71V12  +  T2  V  +  T3v32) 


Moreover 


2  2  2 
~v\  *  *  h  ~1 

From  equation  3.6,  equation  3.7  we  may  writ. 
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R2  ♦  1  =  . -  , 

(ax+by+1) 

2  2  2  2 
where  x  =  ,  y  =:  V2  ,  A=^l/^3  -laB  = 

T22/  t3  -  1,  »  a  Tx/t3  -  1,  b  =  T2/r,  -  1.  *e 

wish  to  maximize  this  expression  as  a  function  of  x  and  y 
subject  to  the  restrictions 

*2-0,  7*0,  x  ♦  y  £  1  (3,9) 

It  is  easily  seen  that  JR/  Jx  and  dR/  }  y  cannot 
vanish  simultaneously  except  when  Ti  s  1 2*  a  limiting 
case  we  are  not  now  considering.  The  maximum  value  of  R 
must  therefore  correspond  to  (x,y)  on  one  of  the  boundary 
lines  of  the  region  equation  3.9  in  the  x,y-plane. 

Suppose  x  c  0.  Then  by  equation  3.8,  JR/  jy  =  0  if 

B(by+1)  -  2b(By«-l)  =  0, 

giving  y  s  (B-2b)/(Bb)  =  T^/(  and,  by  equation  3.8, 

»  =  |V  hWlk  T2T3)- 

Similarly  the  maximum  value  of  R  corresponding  to 
y  -  0  is  R  -  1^1”  r3 \  ^ ^  ^  ^1  • 

Finally  consider  the  boundary  x  ♦  y  =  1.  By  equa¬ 
tion  3.8, 

R2  ♦  1  = 

Q  a-b)  x+b+l]  ^ 

Then  JR/  J  x  =0  if 

(A-B)  [(a-b)x+b+l]  -  2 ( a-b)  [( A-B) x+B+l]  =0, 
giving 

x  =  [(A-3)  (b+1) -2(a-b)  (B+1)J  /  [(a-b)  (A-B)] 

=  V(  Tl+  V' 

and  R  =  |  T x-  T^Z/Ol  Tj  r2>. 

These  three  expressions  for  R  have  the  same  form; 
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tha  greatest  is  that  In  which  the  two  variables  are  farthest 
apart.  Therefore  (4  T  i  T^)*  ®°  **  e<*u*“ 

tlon  3*5 


where 


4  1, 


K  m  co«(2X  )  =  k/V  (1+k2). 


0.10) 


For  wet  soil,  the  surface  tension  correction  of  ft  3*2 
may  be  incorporated,  giving,  for  p  a  non-negative  constant, 

tan2*x  M 4  6 1"  (3*11) 

The  limiting  cases  T.  =  t~  *nd  T2  *  Tj  give  results 
in  agreement  with  this.  * 

When  p-T. 

tan  *  ~  T7K  *  p^rj  *  1#  (3.12) 

the  system  is  conservative,  but  when 

=  M  =  t,n2  *  •  (3*13) 

Coulomb  frictional  yielding  may  occur  with  attendant  energy 
loss.  This  condition  is  assumed  always  to  hold  during 
yielding,  although  it  may  also  hold  in  the  transition  be¬ 
tween  the  elastic  state  and  the  yielding  state  but  just 
before  yielding  takes  place. 

3,5  THE  MECHANICAL  EQUATIONS 

We  will  now  derive  the  fundamental  mechanical  equa¬ 
tions  for  our  soil  model,  following  the  method  of  Murnaghan 
with  appropriate  modifications. 


It  will  be  necessary  to  study  the  medium  in  both  the  de¬ 
formed  and  undeforraed  condition,  A  rectangular  Lagranglan 
coordinate  system  with  coordinates  a^,a^fa3  will  describe  the 
material  points  of  the  medium  in  the  undeformed  state,  and  a 
rectangular  Euler lan  coordinate  system  with  coordinates  x*, 
x2,x3  will  describe  the  material  points  of  the  medium  in  the 
deformed  state.  The  Lagranglan  system  describes  events  with 
respect  to  the  medium,  and  the  Euler lan  system  describes 
events  with  respect  to  a  fixed  reference  system. 
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We  use  mesoscopic  stresses,  as  defined  In  §3.1; 
otherwise  the  definition  of  stress  is  the  familiar  one. 

That  Is,  T1’  denotes  the  component  of  force  in  the  direc¬ 
tion  of  the  negative  x^-axis  exerted  per  unit  surface  normal 
to  the  xJ-axls  by  the  material  lying  on  the  side  of  this 
surface  corresponding  to  lower  values  of  the  coordinate  xJ. 
In  this  case,  however,  the  surface  element  must  be  of  meso¬ 
scopic  dimensions. 

Por  brevity  we  denote  JA/  ax*"  by  A><r 

In  the  strained  state  consider  any  volume  V  of  meso¬ 
scopic  dimensions  surrounded  by  a  surface  S.  Let  $x**, 

£x2,  Sx3  be  virtual  displacements  of  the  points  of  V  as 
measured  in  the  x-system. 


The  virtual  work  due  to  the  surface  stresses  over  S  is 


J  (♦  Jx^dx2dx^+  6QpT'a2  ^x^dx^dx1*  SapTa^dx*dx2) 

r  f  al  0  a2  P 

=■  J  I  (  S  apT  $  x  ) ,  i  +  (  $  apT  x  ) ,  2 

a3  P  1  ,  ,  ,  ( 

♦  ^  $  apT  x  dxdx^dxJ 

_  f  a<T  P  r  a  <r 

-  Jy(  i  aPT  6  x  >•«■  dV  =  V  T  ixa>V  dV- 

where  the  summation  convention  is  used  and  where 


(3. lit) 


=  Sir  iT-<r  <3. IS) 

If  F1,?2,?}  are  components  of  external  force  per  unit 
mass,  the  corresponding  virtual  work  is 

Sp  Fa  S  xa  dV,  (3.16) 

P  being  the  density  of  the  medium. 


Finally  let  $U  denote  the  variation  in  internal 
energy  per  unit  mass  corresponding  to  the  variations  £x*-, 
jx^,  «$x3.  By  the  Principle  of  Virtual  Work, 

J  [(T0<r6*a).<r  ♦  /<>4uldV=0, 

or 
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f  [(T®J  ♦  f>Fa)  6*a  ♦  Tfl*'  (  &  xfl)^  -  ^uJdV-0  (3.17) 

Rigid  virtual  displacaments  of  the  medium  are  character¬ 
ized  by 

(4  x.)  ,  +  (  Jx,)  ,  =  0.  (3.18) 

In  particular,  translations  are  characterized  by 

(S  =  0.  (3.19) 

Under  a  rigid  displacement  of  the  medium  the  internal  energy 
is  unchanged,  so  <$U  -0.  By  equation  3.17,  equation  3.19, 
since  6xa  is  arbitrary, 

Tltr  ♦  pP1  =  0.  (3.20) 

J  tr 

By  equation  3.17  for  a  rigid  displacement,  using  equation 

3.20 

J  (r^-r*3®)  (  s  x  )  dv  +  [  rGp  (  &  x  )  ♦  (  &  x  ) 

a  »P  Jy  Q  ,P  P,a 

By  equation  3.18,  the  right-hand  integral  vanishes.  Since 
(  S xQ)  q  is  arbitrary  we  must  have 

T1J  =  TJ1  •  (3.21) 

That  Is,  the  stress  tensor  is  symmetric,  as  usual. 

Equation  3.17  may  now  be  written 

Jy  [?*  (<xo>.p  -  f>4o]<iv=o.  (3.22) 

3.6  THE  INTERNAL  ENERGY  U 

The  virtual  change  <$U  in  the  internal  energy  is  given 
by 

S  U  =  S*  ♦  ♦  <fW",  (3.23) 

where  is  the  change  in  elastic  energy,  is  the 

change  in  energy  due  to  viscosity  in  the  water,  and  $W” 
is  the  change  in  energy  due  to  Coulomb  friction  loss. 

W  is  the  elastic  energy  of  the  body  when  distorted, 
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and  depends  on  the  degree  and  manner  of  distortion  of  the 
body,  A  measure  of  this  distortion  is  obtained  by  comparing 
the  differential  of  distance  in  the  strained  and  unstrained 

states. 

Let  dSp  and  ds  denote  the  differentials  of  length  in 
the  undistorted  and  in  the  distorted  states  respectively. 
Then 

dsQ2  =•  bvr  da^da7"  ,  da2  -  <§apdxadx^,  (3.24) 

or 

dsQ2  =  StrT  s'^a^  dx°dx^,  da2  =  <5ap*><r*^r  da^da7'.  (3.25) 
Therefore 

ds2  -  daQ2  =  2  6apdxadx^  =  2^rda^daT,  (3.26) 

where 

fcij  ~  1J~  Kt aTia,Tj^  *  (3*27) 


d®1 


By  equation  3.26 


aa  J 


(3.28) 


(3.29) 


The  quantities  6^4  and  measure  the  distortion 

of  the  body  and  are  components  o.  the  Eulerian  and  Lagrangian 
strain  tensors  respectively.  W  may  be  expressed  as  a  func- 
t ion  of  the  three  Eulerian  strain  invariants  or 

the  three  Lagrangian  strain  invariants  where 

I  %  Sl]  I  =  -K3  +  Ii'H2+i2X+i3,  (1.30) 

I  7iJ  +  j  -~K  *  "a  ♦JjjX+Jj.  (3.31) 

These  invariants  are  simply  related.  By  equation  3.27, 
equation  3.28, 
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|7ij  *  **lj|  =  5 


ax' 


_  1 
-  H 


l 

-  S 


^  aa 
*ap 

Sap  ♦  (1-271)  (2  t 


-^r  -  U-2*) 

dRJ 


Jnp,  -  ( 1-2  "K  )  i  #  aa  f  p 


ax 

3  a* 


k  i  2 


°p*  *^1 1  15 


=  (1-2K)3 


for® 


^  *  r£- 


'ap 


ax' 


aa1 


Thereof rora  equation  3.30,  equation  3.31, 


Ir+J^  +J2X  *J3 


a  x' 
aak 


•fc3+iit,2(x.2K;)+i  *(i.2*]2 

♦I  (1-2  X)  3]  . 


Equating  the  coefficients  of  like  powers  of  % 
,r  1 2 


-MI 


(3.32) 


j2  =  <i2-6i  )/( 1-21^1*12-81,), 

J3  =■  I3/(1-2I1:4I2-8I3). 

W  is  a  function  of  an<*  therefore  of  the  j  ^ j 

or  by  equation  3,33  it  is  a  function  of  and 

therefore  of  the  We  mRy  write 


( 3 .33  > 


6^-UL  «aP  =  jfS 


ae 


i  *► 


aP 


<r  r 


r  r 


(3.34) 


The  operator  <5  represents  variation  of  a  function 
of  a  given  material  point.  It  is  therefore  independent  of 
the  operators  a/ d  a*.  Therefore 
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Therefore  by  equation  3.28 


*7 rr  ‘SaBf*  ** 


l 


»r 


a*r  a»r 


£S-  ♦  <*x®) 


ax 


§ 


»/ 


aa^  aa‘ 


-t[Uxa),p  ♦  <<Sxp),a] 


a  x 


aa®'  aa1 


p 


On  the  otbar  band,  by  equation  3*29, 


h, 


-r  r  ^op  ,  „  T 

a  a^  a  aT 


♦  £ 


ap 


1  r  ^  t- 

aa 


'  ~P 


♦  (ixa)|r  -££l  -2«: 

r  aa®'  aar 


=  [/£qP*  £ej-< '5*'r).p  *  S-isf  <$  *r> 


»a 


P 


a  xu  ax 


g-  -  T  * 

a  a  a  a 


ao 


‘op  =i[(<*o),p  ♦  ‘5V,o]  - 


<rj 


£ or  ‘W.P 


-  <5  ^  T  ^o-p(  <5  xr)  ^ 


By  the  symmetry  of  the  Invariants, 


.£JL 


aw 


a€ap  ^Pa  5 


aw  aw 

a?crr  a? 


T  a- 


ao  by  equation  3.34 

axQ  _axf 
a  a*'  a  a 


*W  =  „  a* 

*?T 


*"r 


r  ^  *a^  ,p 

aw 


ae 


-  26  acr 


aw 


aP 


vt 


-yz 


Pr 


(3.35) 

(  ‘SV.p. 


wher^  V  It  i  function  of  Ji#J2*J3  or  of  Il,I2,i3* 

£W’  is  readily  available  from  text  books.  It  may 
be  derived  from  [ll;  $19.49*  and  AS  g  »  *  8H  by 

£W  =  (»//>  Hi  arifr+  S  *a)(P(  0.36) 
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where  a  dot  above  a  symbol  Indicates  differentiation  with 
respect  to  time. 


Finally  we  require  an  expression  for  £ W* .  Coulomb 
friction  in  the  medium  will  be  assisted  to  be  a  linear  func¬ 
tion  of  the  expressions  on  the  left-hand  side  of  equation 
3.18,  which  are  measures  of  the  distortion  of  the  meditea. 

In  fact  we  will  write 

SW*  =  n/p  S*ojp,  <3.37) 

where  la  e  symmetric  tensor,  Ma's'  -  0  whenever  .qua- 
tion  3.12  holes.  By  the  Second  Law  of  Thermodynamics, 
sir  ^o,  so  by  equation  3.37, 


£  0. 


(3.38) 


.The  form  of  H0^ 
§3.8. 


will  be  considered  more  specifically  in 


Substituting  equation  3.35-equation  3.37  into  equa¬ 
tion  3.23  and  substituting  the  result  into  equation  3.22 
we  have,  since  (  £xa)  ^  is  arbitrary. 


where 


TiJ  -  pJSL 


tU  =T1J  ,  „13 


(3.39) 


9  a9'  d  2 


E- 


24  -4*  -■)*  M(  S  !♦  S3<**). 

rr  21  J  ,r  •" 


(3.40) 


3.7  THE  TENSOR  T1J 


W  may  be  expanded  in  a  triple  Taylor  series  in  Ij_, 
12,13,  only  a  few  terms  of  which  need  usually  be  used.  To 
terms  of  the  chird  order  we  may  write 


2 

=  y lx  +  i(  *  *2/u  +3  v  )  Ix  - 
+  |(>  +>'+  |r-2h  nl* 


2  {yH  +  > )  Ig 

2(h-V)I1I2 


♦  <H3, 


(3.4D 
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y,  X  •/*  *  A',h,q  being  constant a,  and  / >0  being  the  density 
in  the  unstrained  state. 


By  equation  3*30, 

Ii=iop«op*  I2  =  ii2-i  Sa,Jft£n,i«r 


ar  p< 


2  2  2 

-  £  4.  €  i  6  -  €  £  -  €  f  -  £  £ 

12  23  31  11  22  22*33  33  U 


u  -  I « 


(3.1*2) 


i!i_  =  4lJ  42-  -  I,  41J  -  S*  e 


-*ll 


(3.1*3) 


where  is  the  cofactor  of  £. .  in  |  .  From  equa¬ 
tion  3.  Ill  1  1Jl 

/°  =  j^>+(  X+->')IX  +  U  +X'+  ^>)lx2+2(h-v  )x2j  s 

♦2[/4*r+(V  -hllJ  Sla  iJP£ap  ♦  qB1J. 


/> 

'  o  S-r 


*..„j  <-<»<„ 

+2(/A+v)4lriaTi^t  £  , 

c  ap 


dropping  terms  of  the  third  order  in  the  strain  components. 

The  density  /o  is  that  of  the  material  in  the  strained 
state,  and  p0  is  *he  density  in  the  unstrained  state.  If 

dV  and  dV0  are  volume  elements  in  the  two  state. 


/©  dV, 


__  U¥ o  _  *aJ 


-%-ir  - 


r  h 


Therefore  by  equation  3.32, 
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/°  =  /oo(  1.21^1^8^) 


1/2 


(3.1*1*) 


so 


By  equation  3,1*0 
T1^  s  [  r  ♦  \Ij  ♦>/I]2+2hI2]  $l* 

+2  [,*-(h+>+/<)I1]  £la  ^  ^  qgiJ  (3  .|*5) 

-k(/*+r)  5  la  *  JIVr  ear  tpT  ♦  tf( 

where  Ij  and  I2  are  given  by  equation  3.1*2,  where  B1^  is 
the  cofactor  of  €jj  in  |  |  ,  and  where  the  Eulerian 

strain  components  are  given  in  terms  of  the  displacements 

ui  =  xl  -  •*  (3.1*6) 

by 

€lj  =  *  *  *  4j»ur i  *  *  4  Qp>-“i  ufj  •  (3,1*7) 

Equation  3.1*7  is  an  immediate  consequence  of  equation  3,27, 

3.8  THE  TENSOR  N1 J 

The  components  vanish  when  Aamf < nn  i  u  .  . 

•nd  rtw  .qu.tlon  3.38  cnnot  otK5u?  £  Stlrfl* So. 

y3?no.1ih:j:t:reth;LTo^^.nu\^\rutc1?^'13  w 

»or.  Z^Ttd^Tll  ^d^™ln*  th#m  “<»  th.t 

tion  tl?e  *dec!u*t#  •xp.rlment.l  Inform.- 

wrong  things.  Usually  it  is  not  feasiblTto  th* 

SrLizi:?:?  ,h,vh9  pr°p#r  fund».nt.i  P«“ut.iT 

or  a  physical  theory  should  be.  Its  author  suit  .h^.I 
them  on  son.  b«.i.  „hlch  r...on.bl,(  and  mu^td'v.lop 
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the  theory  to  a  point  where  experimental  comparison  becomes 
practicable.  In  this  choice  he  My  be  guided  not  only  by 
such  incomplete  experimental  facts  and  physical  principles 
as  do  apply ,  but  also  by  the  desirability  of  simplicity. 

The  simplest  theories  should  certainly  be  tried  first. 

A  theory  developed  on  this  basis  not  only  tells  the 
experimenter  ehat  to  look  for,  but  often  helps  him  form  a 
new  one  if  it  fails. 

Accordingly  we  shall  use  an  argument  based  on  the  ideas 
of  Coulomb  friction  to  reduce  the  six  unknown  quantities 
to  only  one  which  may  be  determined  by  equation  3.13* 

Prom  the  standpoint  of  simplicity  it  is  highly  desirable 
that  Mid  1*3  have  the  same  principal  directions. 

At  any  given  point  in  the  medium  construct  the  axes 

.  of  principal  stress  and  let  y1,y2,y3  denote  the  corresponding 

coordinates.  Let  T X^,  X 3  he  the  corresponding  principal 

stresses  ordered  so  that  £  ^2  ~  *3  *  By  §§3.2, 

3*4#  when  the  material  yields  and  <  *2  *  T3  *  0,  slipping 
‘  My  occur  in  the  two  planes  whose  normals  have  direction 
angles  w/2  +  K  ,  w/2#  It  with  respect  to  the  y1  ,y2,y3-axes, 
respectively.  When  <.  X2  =  T3  <.  0,  slipping  My  occur 
in  any  of  the  infinite  number  of  planes  whose  normals  have 

.  the  direction  angle  tr/2  -  X  with  respect  to  the  y^-axls. 

When  =  T2  *  T3  <-  0,  slipping  may  occur  in  any  of  the 
infinite  number  of  planes  whose  normals  have  the  direction 
angle  X  with  respect  to  the  y3-axis.  When  Tj  =  T 2  =  T 3, 
slipping  does  not  occur  except  in  the  singular  case  = 

*2  =  Tj  —  p  =  0.  This  condition  is  encountered  on  the 
boundary  of  a  dry  sand. 

The  energy  loss  due  to  Coulomb  friction  is  propor¬ 
tional  to  the  shearing  stress  in  the  plane  of  yield.  We 
will  assume  an  equi-partition  of  energy  among  the  different 
possible  planes  of  yield  in  each  case.  With  each  plane  of 
yield  we  My  associate  a  tensor  defined  in  such  a  manner 
that  in  a  rectangular  coordinate  system  having  the  yield 
plane  as  one  plane  of  reference,  the  only  non- zero  compon¬ 
ent  is  a  shearing  component  in  that  plane,  the  direction 
of  the  shear  being  toward  the  principal  axis  of  minimum  stress. 
Giving  all  such  shear  components  the  same  magnitude  in  the 
various  possible  planes  of  yield.  will  be  defined 

as  the  sum  of  all  such  tensors. 
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Th.  components  of  In  the  prlnclp.1  eoor<Un.t. 

system  of  the  tensor  x  J  may  ba  expressed  readily.  IAJ 
has,  in  fact,  the  same  principal  axes,  so  we  need  only 
express  the  principal  values  ^i,®2»®3  t*a#or 

It  is  a  simple  consequence  oi  the  tensor  law  of  transforma¬ 
tion  that 


=  H,  n2  r  0,  =  -I 

(3.1*8) 

when  f  2  4  T3  4 

=  h,  n2  -  -£l,  H 3  = 

(3.1*9) 

when  tx4  t2  =  T  3  0, 

Hx  as  N2  =  £ll,  H3  =  -■ 

(3.50) 

when  t1  =  T24‘T3<-°*  where  N  is  a  non-negative  factor 

that  vanishes  whenever  equation  3.12  holds  or  whenever 
equation  3.38  cannot  otherwise  be  satisfied. 


N  is  determined  by  means  of  condition  equation  3.13. 
Let  T1#T2,T^  be  the  principal  values  of  the  tensor  T*J, 

i.e.,  the  roots  of  the  equation 

|  TU  -  T  SU  |  '  0  (3.51) 


arranged  in  the 
also  be  written 


order  -  T2  T^, 


®  T2  ♦  &  T  - 
1  2 


Equation  3.51  may 

®  =  0,  (3.52) 

3 


where 

<8> 

1 


>pll+  <p22  +  <j«33. 


T11  ipl2 1 

♦ 

ij*22  <p23 

«• 

t33  t31 

tpl2  »p22 

<p23  j33 

ip31  ^>11 

(3.53) 

(3.54) 
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T11  T1 2  T13 
<j»1 2  ^22  ij*23 

<j»13  f2}  ^33 


Then  for  1  -  1,2,3# 


T  ♦  K 
lt  1 


(3.55) 


(3.56) 


In  oase  T3  =  T2  or  T2  *  T3,  the  effect  of  N  in 
equation  3.49  or  equation  3.50  is  to  bring  Tj  end  T3 
nearer  together  than  are  and  T3.  If  and  T3  are  al¬ 
ready  near  enough  together  to  satisfy  equation  3.12  with 
replaced  by  reapectively,  then  N  =  0.  If 

not,  I  la  determined  by  condition  equation  3.13. 

Mien  T3  T2  T3  the  same  process  applies  but  with 
one  complication.  Consider  the  quantities  ♦  N,  ?2, 

T3  -  I,  which  ay  of  the  forms  of  *1  *  **2  3  #  respectively, 

when  the  reglae^equatlon  3.4®  applies.  As  N  increases  from 
aero,  one  of  the  two  extreme  quantities  may  come  into 
coincidence  with  the  middle  quantity  T2  before  N  grows 
large oyough  to  satisfy  equation  3.13.  In  this  case  the 
regim^equatlon  3.46  will  no  longer  apply,  but  either 
equation  3.49  nr  equation  3.50  must  be  used  to  bring 
and  T3  near  enough  together  to  satisfy  equation  3*13* 

It  appears  that  a  number  of  cases  must  be  analysed 
separately,  depending  on  the  initial  ranges  of  the  quanti- 
ties  ^\»^2»^3•  be  ▼arified  by  straightforward 

calculations  to  fit  into  the  formula 


Ti  =  Ti  ♦  MiA  (3.57) 

for  i  =  1#2,3#  where 

«x= 

♦  p»»  [Ta  -  - r 1  -K(p  - 
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*2=  * 


3=r p0*  [T2 '  *  K(p  -  ^r1)] 

+  }§*  P0»  -  t2  -  k  (p  - 


«3=  -2a£l  +k(p  -  !i£ 


♦  p°» [t2  -  -  K  (p  -  ^r2)] 


(3.59) 


(3.60) 


where  by  equation  3*38# 

12  3 

5=0  if  i  ♦  2  *  M3*  3  >  °* 

<$  =1  if  MjuJj  ♦  Mgu^  ♦  m3^3  -°*  (3 

l1  are  principal  coordinates  and  x' ,x^,x3 

are  general  coordinates,  the  components  of  the  tensors 
tlJ  and  TlJ  are  given  by 


(3.61) 


TiJ  si 


x1 


ay  ay 


-*s  **s 


X1  SxJ 


X*  dx^ 


Tn 


ay  ay 

a*1  axJ 


,  (3.62) 


ar  ar 

ax1  ax^ 


♦  T2  -^5  +  T3  -*“j  .  (3 

ay  ay  ay  ar  ar 


.63) 


3.9  BOUNDARY  CONDITIONS 

Boundary  conditions  are  imposed  at  the  exterior 
boundaries  of  the  medium  in  the  form  of  proscribed  externally 
applied  surface  tractions  or  displacements.  At  the  (in 
general  moving)  Interior  boundaries  between  the  conserva¬ 
tive  and  yielding  regimes,  the  displacement  components 
u*  must  be  continuous  functions  of  position  and  time. 

In  the  particular  case  when  the  exterior  boundary  is 
free,  acted  upon  by  no  externally  applied  surface  tractions, 
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the  coapreaalve  traction  normal  to  the  boundary  la  p,  the 
aurf ace- tana ion  praaaure.  Suppoae  x1  la  a  rectangular 
coordinate  normal  to  the  aurf ace.  Then  by  equation  3*62, 


♦  (  t2-p) 


("$/ *  ( t3*p)  (1 pf 


0. 


<3.64) 


The  medium  cannot  aupport  tenaion  greater  than  p,  ao 
t  x-p  *  T2-P  it  TyP  £  0.  (3.65) 

The  quantitiea  9*1/ 9  7*,  y^,  cannot 

vaniah  aimultaneoualy  ao  by  equation  3*64  one,  at  leaat, 
of  the  quantitiea  T ^-p,  t2“P*  T  3-p  must  ?*niah.  In 

particular,  by  equation  3.65#  T^-p  »  0.  Therefore 
Tj-p  s  0,  for  neither  equation  3.12  nor  equation  3.13 
could  otherviae  be  aatiafied.  Then  by  equation  3.65# 

*  2“P  =  °« 

Theorem  3.  1  The  atreaa  diatribution  on  a  free  ex¬ 
terior  boundary  ia  completely  characterized  by 

Ti  -  T2  *  T3  ®  P  (3*66) 

or  by 

TlJ  =pg1J  .  (3.67) 

Bquatlon  3.67  la  derived  from  equation  3.66  and 
equation  3*62. 

Theorem  3.2  Whenever  equation  3.67  holda,  then 


T11  +  <1*22  +  t33  -  3p. 

Converaely,  when  equation  3.68  holda,  then 
T1J  -  T1J  if  (p-T1)u11  ♦  (p-T2)u22  ♦  (p-T^)u3, 

T1^  s  pg1^  if  (p-T^uJ^  ♦  (p-T2)u^2+  (p-T^)u3^ 

Proof.  By  equation  3.63,  T^1  ♦  +  T^3 
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To  derive  equation  3.68  from  equation  3.67,  note  that 
equation  3.67  is  equivalent  to  equation  3.66.  Equation 
3.68  then  follows  by  adding  equations  3.58,  3.59  and  3.60 
and  substituting  into  equation  3.57. 

Conversely,  suppose  equation  3.68  holds.  Then 

Tx  ♦  T2  ♦  =.  3P, 

end 

'.-'ip . 

3£l  -  t*  -  l  (,  -  !l£l)  c  .  (*,,  (,  .  Ii£i)  . 

Substituting  these  into  equations  3.58-3.60  and  noting  that 
pos(x)  -  pos(-x)  =  x,  we  easily  see  that  -  -T^p. 

Equations  3.69  end  3.70  then  follow  from  equations  3.57  and 
3.61. 


In  the  yielding  regime  the  condition  in  equation 
3.70  is  satisfied.  It  then  follows  that  equation  3.68  is 
equivalent  to  equation  3.67,  so  that  the  boundary  conditions 
on  a  free  exterior  surface  in  the  yielding  regime  are  com¬ 
pletely  characterized  by  condition  equation  3.68. 


3.10  ONI -DIRECTIONAL  DISPLACEMENTS  IN  DRY  SOIL 

Possibly  the  simplest  case  to  analyse  is  that  in 
which  all  displacements  are  in  only  one  direction,  say 
parallel  to  the  x-axls  in  an  x, -rectangular  coordinate 
system,  and  depend  on  x  and  t  (time)  only.  This  case  arises, 
for  example,  when  a  rigid  cylindrical  container  is  filled 
with  soil  and  compressed  by  a  piston  at  one  end. 

We  take  x1  =  x,  x~  =  y,  x^  =.  z.  By  equation  3.47, 

€11"  €  “  a*  "  ^  ux  »  (3.71) 

and  all  components  of  strain  are  zero.  By  equation  3.42, 

Il=  f  ,  Ig  =  I3  =  0.  Also  =  0.  By  equation  3.45# 
since  M  =  0, 
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T**  =  Y  *  (  >  *2yU  )  £  +  (  X'+2y"1  «  2  , 

T”=TZ*  =V  +  X£+  A't2  ,  (3.72) 


<P  xy  _  ipyx  —  jRx  =  q 


whore  ^^-(h*  1  +3/*  +2V  ) . 


We  ere  Interested  in  compression  only,  so  €  <-0. 

Then  for  /uf  >  0  or  for  £  sufficiently  small  Txx  *  T77 
=  T**.  Therefore  by  equations  3.52-3.55,  equation  3.72, 

T^  -  tXX  ^2  =  T-j  =  T^7  —  Tzz .  Also,  of  course,  x  XX 

=  Tlt  T77  =  TZZ  =•  t2,  Ixy  -  T 72  =  T zx  =  0.  By 
equations  3.57-3.61,  equation  3.71,  equation  3.72,  since 
P  *  0, 

T**  =  [3V  +(3X  +2/*)  e  +  (3A'+2//)  €2]  , 

(3.73) 

T77  «T**  -  ^l|[3y+(3X+2/«)d  +  (3X'+2>/U2] 
if 

kv  +[/-r-K(x+/u)l  (.£)  ♦  [-//*«(  x'v*')!  e2  ^.o 

J  L  J  (3.74) 

and  £  *  0, 

while 

Txx  -  v  +  (  X  ♦2/« )  £  ♦  (x'+2,«1  £2, 

^  „  ,  2  (3.75) 

t 77  =  TZI  =  V  +  X£  ♦  X  £ 2 


otherwise. 

Equations  3.73,3.74  correspond  to  the  yielding 
regime,  and  equation  3.75  to  the  elastic  regime.  It  will 

be  convenient  to  discuss  the  plane  in  which  -  x**  Is  plotted 
as  ordinate  against  -  €  as  abscissa.  Only  the  first  quadrant 
will  be  of  interest. 


In  successive  transitions  from  the  elastic  to  the 
yielding  condition  and  back  it  will  usually  be  necessary 
to  change  the  constants  apoearing  in  equations  3.73,  3.75 
in  successive  appearances  of  the  same  regime.  It  is  clear 
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that  at  the  beginning  of  the  initial  deformation  of  a  soil, 

t**  =  0  when  €.  =  0,  so  v  0.  On  the  other  hand,  for 
later  deformations  when  the  soil  has  received  permanent 
set  we  must  have  Y  /  0.  Since  the  adjustment  of  y  is 
necessary  in  any  case,  since  this  is  by  far  the  simplest 
constant  to  adjust,  and  in  the  absence  of  experimental 
evidence  to  the  contrary,  we  will  henceforth  in  the  present 
paper  adjust  only  this  constant,  regarding  it  therefore  as 
a  parameter  and  considering  to  be  constants 

of  the  material  which  are  not  changed  in  spite  of  the 
compaction  of  the  material.  Of  course  this  hypothesis  may 
require  modification  when  more  is  known  about  soil  mechanics, 
but  for  the  present  its  simplicity  recommends  it. 

In  the  (-T^.-t)  plane,  the  first  of  equation  3.73 
represents  a  family  of  yielding  curves  obtained  by  varying 
the  parameter  V  ,  and  the  first  of  equation  3.75  similarly 
represents  a  family  of  elastic  curves.  The  second  condi¬ 
tion  in  equation  3.71+  can  only  be  satisfied  if  the  point 

(- t xx.- €  )  is  moving  to  the  right  in  this  plane,  so  yield¬ 
ing  can  only  occur  when  this  is  the  case,  A  reversal  of 
direction  initiate*  an  elastic  regime,  the  point  then  follow¬ 
ing  the  particular  member  of  the  elastic  family  passing 
through  the  point  where  the  reversal  occurred. 

However  for  yielding  to  occur  it  is  not  only  neces¬ 
sary  that  the  point  (-T*rjc,-0  be  moving  to  the  right, 
but  also  that  the  first  condition  in  equation  3.71+  hold. 

We  will  now  determine  the  part  of  the  - t  xx,-  t  plane 
where  this  condition  holds. 

Consider  the  point  (-T^j-e  ).  If  this  is  on  a 
yield  curve,  the  corresponding  value  of  Y  is  obtained  by 
solving  the  first  of  equation  3.73.  If  this  is  substituted 
into  the  first  of  equation  3 .74  we  get 

•Th  ±(l+l/K)r<,(-e)-/4-fc)2]  .  (3.76) 

of 

It  follows  that  yielding,  described  by  the  regime/\equation 
3.73.  can  occur  only  between  the  parabola 

-Txx  ^(i+i/K)  )*]  (3.77) 

and  the  -e  axis,  and  only  for  points  (-Txx,-  €)  moving 
to  the  right.  All  points  moving  to  the  left,  and  all  points 
in  the  first  quadrant  outside  this  parabola  correspond  to 
elastic  deformation,  described  by  the  regime  of  equation  3.75 
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The  case  of  practical  interest  is  that  in  which 

K  £  /u/(  )  or  k  /V  [  X(  X  +2/u  )J  ,  (3.78) 

in  which,  as  will  be  seen  later,  the  seismic  velocity  in 
the  yielding  state  is  lower  than  that  in  the  elastic  state. 

In  this  case  the  elastic  curves  of  equation  3.75  have,  at 
-6  s  0,  a  greater  slope  than  do  the  yielding  curves.  A 
typical  situation  is  shown  in  Pig.  3.1.  The  dotted  curve 
is  the  yield  limit  parabola  of  equation  3.77.  The  solid  lines 
are  members  of1  the  elastic  family  of  equation  3.75 ,  and  the 
dashed  lines  are  members  of  the  yielding  family  of  equation 

3.73. 


Now  suppose  the  end  of  the  dirt  column  is  rammed 
a  number  of  times,  each  time  - t  M  being  raised  to  a  value 
T  and  then  returning  t  aero.  The  stress-strain  curve 
\\\:  followed  by  the  phenomenon  zig-zags  up  and  down  in  Pig.  3.2, 
tending  toward  the  right-hand  side  of  the  yield  limit 
parabola,  and  approaching  the  elastic  line  through 
.'i  P(0 , /*//<') ,  where  the  yield  limit  parabola  meets  the  -€ 

!!!!.'  axis.  This  model  therefore  exhibits  the  familiar  behavior 
•*.  :  of  soil  when  tamped  to  a  more  solid  condition. 

3.H  A  ONE-DIMENSIONAL  WAVE  PROBLEM 

•  ••• 

“**  We  may  apply  the  theory  of  &3.10  to  study  the  one- 

.....  dimensional  transmission  through  a  semi-infinite  dirt 

column  of  a  wave  due  to  the  application  at  the  end  of  the 
*/.  column  of  a  force  T  per  unit  area  for  an  interval  of  time 
t0,  the  force  being  then  removed.  For  simplicity  we  will 

employ  the  linear  theory  obtained  by  setting  =■  0, 
in  $3.10  and  />  s  yoQ  in  equation  3.20.  This  implies 

that  the  entire  stress-strain  history  of  the  material  re¬ 
mains  near  the  lower  left-hand  corner  of  the  parabolic 
yielding  region  in  Pig.  3.1. 

The  external  forces  are  Inertial:  P*  =  ~utt» 

P7  =  0,  P*  =  0  in  the  coordinate  system  of  %  3 •  3-0 .  The 
origin  is  taken  at  the  end  of  the  column.  By  equation 
3.71  we  may  approximate 


u„ 


By  equations  3.20,  3.73,  3.75, 

«2uxx  -  utt  =  0  when  uxt  >  °. 
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and 

c'^Uj^  -  =  0  when  uxt  <.  0,  (3.81) 

where 

c2  =  (\*2^)//o0,  e'2  =(3X+2/«)(1+K)/[(3-K)/o] 

(3.82) 

Instead  of  the  stress-strain  diagram  of  Pig.  3.1# 
we  now  have  one  like  that  shown  in  Pig.  3.3#  where  the 
straight  lines  (of  slope  c'^)  parallel  to  OP  are  yielding 
curves,  and  the  straight  lines  (of  slope  c^)  parallel  to 
PR  are  elastic. 


In  this  problem  the  initial  compression  of  the  medium 
must  correspond  to  a  displacement  along  the  line  OP  in 
j  Pig.  3.3#  carrying,  say,  to  the  point  P.  The  following 

:  decompression  will  be  along  the  line  PR.  During  the  com¬ 

pression  the  yielding  regime  described  by  equations  3.73# 

•  3.79#  3.8l  holds,  while  during  the  decompression  the  elas- 

;  tic  regime  described  by  equations  3.75#  3.79#  3.80  holds. 

:  Writing  u  s  u(x, t)  we  may  now  give  boundary  condi¬ 

tions  at  the  end  x  =  0  of  the  column.  During  the  interval 
0  <.  t  <  t0,  -  r**  =  T,  corresponding  to  the  point  P,  say, 

*  in  Fig.  3.3.  The  corresponding  strain  is  given  by  equa¬ 
tion  3.73.  Per  t  >  t0,  -  xxx  =  0,  corresponding  to  the 

i  point  R  in  Fig.  3.3.  The  corresponding  strain  is  given 

.  by  equation  3.75.  In  view  of  equation  3.79  we  have 


ux(0, t) 


ux(0, t) 


T 

3X  +2/U 


when  0  4  t  <  t0. 


T 


M  *hen  ^ >  t»- 


(3.83) 


In  the  yielding  regime,  the  wave  equation  3.01 
holds,  so  the  initial  disturbance  is  propagated  in  the 
positive  x-direction  with  a  velocity  c'.  In  fact,  u  = 
fun(x-c't).  By  the  first  of  equation  3.83# 

u(x,t)  =  *  poa(c't-x)  (3.84) 

in  the  yielding  regime.  The  yielding  regime  can  be  taken 
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FI 6.  3.3  Stress-Strain  Diagram 


FIS  3.4  Displacement  Diagram 
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as  holding  until  the  decompresslonal  wave  arrives.  This 
begins  at  time  t  =  t0  at  x  =  x0  and  propagates  in  the 

positive  x-direction  with  velocity  c.  It  overtakes  the 
compressional  wave  at  time  t  =  t0c/(c-c’)  at  x  =  tQcc */(c-c * ) . 

Since  equation  3.84  la  linear  in  x  and  t,  it  suggest 
that  the  elastic  regime  might  be  described  interns  of 
another  linear  function.  This,  in  fact,  proves  to  be  the 
case.  The  constants  are  determined  by  the  second  of  equa¬ 
tion  3*33  &n3  the  fact  that  u(x,t)  must  be  continuous  at 
x  —  e(t-t0).  We  have  altogether, 

uU*t)  =  5fe-M  (c,t-x)  (3-85) 

when  0  <  t  4.  t0c/(c-c*)  and  pos  (c(t-t0)J  4  x  <.c’t,  and 

-  jfe  a  [h>"  •  H§)  ■*  f2  *.] I1M 

when  tc  <  t  <tQc/(c-c»)  and  0^X4  c(t-tQ). 

In  equation  3.85  and  equation  3.86  u  is  plotted  as 

a  function  of  x  and  t  in  Fig.  3.4.  Here 

t1  =  t0c/(c-c» ) ,  x^sc'^.  (3.87) 

For  t  >  t^  the  material  is  at  rest,  maintaining  the  dis¬ 
placement  profile  PRS  it  had  at  t  =.  t^.  This  profile  then 

represents  the  permanent  displacement  of  the  soil  due  to 
the  original  impulse.  For  0  <  t  <  t\,  x  >  c’t,  u  =  0 
in  Fig.  3.4. 

The  energy  imparted  to  the  soil  by  the  impressed 
force  has  spent  Itself  in  the  time  ti*  The  deformation 

of  the  soil  due  to  this  excitation  does  not  penetrate  be¬ 
yond  x  ss  xi.  A  permanent  deformation  of  the  soil  is  left 

which  is  a  linear  function  of  the  distance  from  the  source, 
3.12  A  GRAPHICAL  SOLUTION  OF  A  ONE  DIMENSIONAL 

Suppose  the  problem  of  §3.11  Is  extended  in  the 
sense  that  at  the  end  x  =  0  of  the  column  a  variable  force 
T(t)  per  unit  area  is  applied.  By  plotting  -  txx  in  three 
dimensions  against  x  and  t,  a  graphical  representation  of  the 
stress  may  be  made.  The  curve  -Txx  =T(t)  is  plotted  in 
the  (-T^ft)  plane  as  in  Fig.  3.5.  Where  this  curve  has 
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a  positive  slope,  the  stress  is  increasing  and  the  yielding 
regime  applies  inside  the  yield  limit  parabola.  When  this 
curve  has  a  negative  slope  the  elastic  regime  applies. 

When  the  maxima  of  T(t)  are  fairly  low  the  segments 
of  the  stress-strain  curve  corresponding  to  -  r**  =  T{ t) 
may  be  approximated  by  straight  lines  with  appropriately 
chosen  average  slopes.  The  slopes  of  successive  elastic 
or  plastic  stress-strain  curves  in  this  diagram  may  differ 
in  different  parts  of  the  plastic  region. 

Impulses  will  be  propagated  through  the  medium  with 
the  velocities  indicated  by  the  square  roots  of  the  slopes 
in  Pig.  3.6.  Let  A,B,C  be  maximum,  minimum,  maximum, 
respectively  on  the  T(t)  curve  in  Pig.  3.5.  Impulses  during 
the  compression  regime  OA  on  T(t)  will  propagate  with  a 
velocity  equal  to  the  square  root  of  the  slope  OA  in  Pig. 

••••  3.6,  and  will  generate  a  ruled  surface  OAE  in  Pig.  3.5. 

Impulses  during  the  decompression  regime  AB  propagate  with 
the  higher  velocity  equal  to  the  square  root  of  the  slope 
of  AB  in  Pig.  3.6.  These  also  generate  a  ruled  surface  ABE 
in  Pig.  3.5#  which  intersects  the  first  ruled  surface 
*v  OAE  in  the  line  AE.  Impulses  from  the  compression  regime 
•. ;  BC  and  from  the  decompression  regime  CD  in  Pig.  3.5  pro- 
pagate  with  velocities  similarly  obtained  from  BC  and  CD 
in  Pig.  3.6,  and  generate  similar  ruled  surfaces  BCPG  or 
HJK  and  CDK,  which  intersect  along  a  line  CGK.  In  this 
•,  second  case,  however,  there  is  a  difference.  The  parti¬ 
cular  curve  T(t)  chosen  for  the  diagram  was  such  that  part 
•  of  the  original  compression  was  unneutralized  by  the  suc- 
ceeding  decompression.  This  reinforced  the  secud  com¬ 
pression,  resulting  in  the  superposition  region  FGJH  which 
is  not  a  ruled  surface. 

The  horizontal  surface  BLF  is  interesting  and  is  a 
result  of  the  discontinuity  in  slope  between  AB  and  BC 
in  Pig.  3.6. 
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FIG  3.6  Stress-Strain  Curve 
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CHAPTER  4 


AH  OPERATIONAL  SOLUTION  FOR  DISPLACEMENTS  IN 
AN  ELASTIC  HALF-SPACE 


4.1  INTRODUCTION 


In  this  chapter  we  shall  develop  general  solutions  for 
the  vibratory  motions  of  an  elastic  half-space  with  given 
boundary  conditions  in  the  form  of  complex  inversion  integrals 
of  the  Laplace  transform. 

The  solution  will  be  developed  in  such  a  manner  that  any 
type  of  pressure  distribution  may  be  given  on  the  surface  of 
a  small  sphere  below  the  boundary  surface  of  the  elastic 
half-space.  In  the  past,  many  considerations  have  been  made 
for  a  continuous  harmonic  point  source  in  the  half-space  where¬ 
in  final  study  is  made  of  the  complicated  integrals  that  arise 
in  order  to  determine  the  various  types  of  waves  propagated 
by  reflection  back  into  the  half-space  as  well  as  along  the 
surface.  In  order  that  these  procedures  be  of  any  value  in 
the  study  of  explosive  disturbances  in  such  a  medium,  the 
solutions  due  to  a  harmonic  source  would  have  to  be  formed 
into  a  pulse  by  means  of  Fourier  procedures.  Due  to  the 
complicated  nature  of  the  solution  in  the  form  of  definite 
integrals,  this  is  seldom  done. 

Using  the  solutions  developed  in  this  chapter,  one  can 
consider  the  effects  in  the  half-space  and  in  the  surface 
layer  of  a  unit  pulse  function  applied  to  the  source  below 
the  surface,  or  any  other  pressure-time  function  as  applied 
to  the  interior  surface  of  the  spherical  cavity. 

Professor  E.  Pinney,  at  the  University  of  California, 
has  considered  the  same  problem  from  another  point  of  view. 

His  paper  is  soon  to  be  published  with  a  considerable  amount 
of  numerical  work  which  has  been  done  by  a  computing  project. 

One  should  point  out  that  in  order  to  solve  the  boun¬ 
dary  value  problem  exactly  where  the  spherical  source  below 
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the  boundary  surface  has  a  finite  radius,  one  must  consider 
the  tertiary  reflections  from  the  spherical  source.  However, 
we  shall  assume  that  if  the  spherical  source  is  sufficiently 
small  we  nay  neglect  the  tertiary  reflections  as  being  less 
dominant  features  on  the  instrument  records  compared  to  the 
effect  of  the  primary  and  secondary  waves  when  measurements 
are  being  considered  fairly  close  in  to  the  source. 


Specifically,  we  consider  the  exact  solution  for  any 
pressure  distribution  on  a  small  spherical  surface  in  an  in¬ 
finite  medium  and  show  how  generally  this  may  be  used  to 
solve  exactly  the  problem  in  the  half-space. 


It  is  well  known  that  if  an  elastic  body  is  suddenly 
loaded  the  body  takes  up  a  mode  of  vibration  about  the  posi¬ 
tion  of  static  displacement  which  the  body  would  assume  if 
the  load  had  been  applied  slowly.  Therefore,  if  we  have 
chosen  a  unit  pulse  in  the  elastic  half-space,  we  know  the 
displacements  in  the  medium  oscillate  about  the  position  of 
static  equilibrium.  Therefore,  we  could  solve  the  static 

Krt  of  the  problem  and  know  this  part  of  the  displacement 
forehand;  however,  the  general  solution  presented  will 
automatically  include  this  term  in  the  integral  solution. 


*  4*2  STRESS  FUNCTIONS  FOR  THE  ELASTIC  EQUATIONS  OF  MOTION 

IN  COMPLEX  LAPLACE  TRANSFORM  INTEGRAL  FORM. 


If  u,  v  and  w  are  the  rectangular  components  of  dis¬ 
placement  in  the  x,  y,  and  z  directions  respectively,  then 
the  equations  of  motion  are  [9 j 


2 

f>  r  (u,v,w)  =  ( 

dt,* 


~JL 

dx 


i  ^ 


(4.1) 


where  a  density, 

A  = 


2S+  £1  +  €* 
<?x  <jy  js 


is  the  so-callod  dilation,  and 
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the  Laplacian  operator*  Let 


T(t) 

"(*M 

T(t) 

(4.3) 

*  =(|f  +  *') 

t(t) 

where  f  -$fx#y,i)  is  a  "stress  function"* 

tion  4.2  we  find 

then  by  equa- 

a  =  (**§  +  a') 

Kt) 

(4.4) 

where 

d  =  .  2X1  +  (4.5) 

^  y  o  • 

For  each  component  we  hare  typically 

($„♦<!' )T(t)  =  CXV<>  T(t)V‘<^*)r-T(t>f/««*'  u'-T(t)  ; 

and  if  we  set  A'  =  0,  then  we  find 

.  P  =  l>  +  VO.g-2l^£u.'—  =  -*2  (4.6) 

1  T  <p  +  uf 


where  m  is  some  arbitrary  constant* 

l°T"f  m^T  -0, 
m  real  or  complex ,  and 


(  (?*•*■  **)  $ 

(  (c^<  f*)  u*  -  0 


Separating,  we  hare 

(4.7) 
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•<*  ~  ■  -  ■■  and  /%*  -  °  (4.9) 

A  paz*tlcular  solution  of  «0  ,  suitable  for  the  symmetry 
desired,  is 

u*  ~  *  T'  =  »  *'  '  jj?  +  (4.10) 

where  ^  =  *Hx,y,s)  is  a  "stress  function"  and  equation  4.8 
requires  that 

(  A1  <•/>')?■  =  0  (4.11) 

Finally,  we  may  express  each  component  of  displacement  as 


( $,  ♦  it(t) 

(  #„  ♦  f  )T(t) 

t  y* 

(  *,<•  f  *  /3l  f 


(4.12) 


)T(t) 


where  T(t)  eetiefiee  equation  4.7,  $(x,y,z}  and  ■£■(*, y,z} 
satisfy  equation  4.8  (a)  and  4.11  respect ively,  with  *L 
and  /S  defined  by  equation  4.^.  When  we  build  solutions 

which  satisfy  prescribed  boundary  conditions,  we  must  require 
that  u,t,w  -*  0  for  %  oo  .  If  we  choose  the  functional 
form  for  T(t)  as 


T(t)  =  .8t  (4.13) 

then  the  solutions  4. 12  can  be  written  in  the  complex 
inversion  transform  as 

u  =  JL  lim  f  /*%Bt  rix^^xx]  d®  =  L"X(  txi  ) 

2rri  L  J 

•  ■  sk  ».  J"M  *>  •  V>  - l_1'  V  V 1 


(4.13) 


r-l/9 


2lfi 


u»  PW  v*x.-4*r!d8=L"lu*+ 

<*>  J.  :  ^  L  *  -1 


2 

8  T^r 
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where  $(x,y,s,s)  and  ^  (x,jr,st8)  are  continuous  differen- 
tlable  functions  of  s,  analytic  in  ths  half-plans  Re(s)^> 
expressed  in  taros  of  its  values  along  ths  lins  +  i/3 

for  some  suitable  fixed  y  •  Ths  functions  i  ana  * 
satisfy 


(V-  sz?U=° 

where  wa  hare  introduced 

- 

V  f> 


and  sy„i)f  =o 


(4.15) 

(4.16) 


v*  =  velocity  of  the  coopressional  wave  and  v  =.  velocity 
Of  the  shear  wave.  Incidentally,  Since 

>  =  P  (V 

and  ^>,  \  >  0,  we  conclude 


%  >  vTF 

In  particular,  we  find  that 

y +*■/* 

A=-i.  lia  A  f  e^  s2  $ds  = 

2tri  /3  ~r  J 

r-t/s 


(e2f) 


Since  the  stresses  are 

■rn~\L**s*  it 


VX4'^t 


X  »  \a  +■  im  *** 

v  xx  ^  xx 


(4.17) 


(4.18) 


(4.19) 
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=  L 


[  [£*x  $  ♦  */* 

T;j  =  L''  j  ♦  v* 
r“=r'  5  *  J/‘ 


t*f  JLo'i 


(«♦*.)) 

Tjfi=/<  r'j  j^i  jJj-2  (f  +  ?,)- 

rxx=^'-"  j  [*  («  +  **)- 


SA 

~X 


~-j 


mi 

Mi 


(V  il) 


which 

Than  for  seme  type  of  boundary  conditions  a  have  stresses 
tha^ure  prescribed  functions  of  time,  we  write 

t«  -  l_i  m  -  ak  ri/ s  est  f(s> ds  •  u-22) 

y-i/3 


The  function  f(s)  will  therefore  be  determined  by  the  boun¬ 
dary  conditions  on  some  portion  of  the  elastic  medium,  i'o 
eoaplete  the  solution  we  take  linear  combinations  of  the 
fundamental  solutions  of  equation  4.15.  The  coefficients 
of  these  linear  combinations  are  determined  from  the  boun¬ 
dary  conditions  using  equations  4.20  and  4.21.  These 
coefficients  are  replaced  in  equations  4.20  and  4.21 
and  we  hare  the  complete  solution.  Let  us  consider  in  some 
detail  the  case  in  spherical  coordinates  where  the  essential 
coordinate  is  radial. 

4.3  RADIAL  MOTIOM 


In  this  section  ve  shall  develop  the  solution  for  the 
case  of  an  arbitrary  radial  pressure  on  the  interior  of  a 
small  spherical  cavity  in  an  infinite  elastic  medium.  In 
particular  we  shall  derive  the  solution  by  the  method  of 
section  4.2  for  a  unit  pulse  in  the  spherical  cavity.  Ve 
have  basically, 


A 


with  U(R)  =  radial  displacement, 
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*RR~  PR  *  "  R  1 

the  strains  and  the  stresses 


(  TRR~ 

(*X  +  2/<)  f  2\  | 

PR  H 

i 

(4.24) 

+  2(V><0  jj  . 

The 

equation  of  motion  is 

P  tn  - 

?  Jt1 

( >  f  ^  (A1) 

(4.25) 

and 

if  we  set 

U  =  ^  ®  , 
PR  * 

a=iR  ;£(R.®) 

t 

(4.26) 

then  R*®  satisfies 

P  (  R  ® *  V* )  (  R 

®). 

(4.27) 

Let 

us  set 

•a  / 

Yti.fi 

[Q(8)] 

e8t  Q(R)  ds  =  L"1 

(4.26) 

r-i.fi 

Then  equation  4.27  giveB 

2  -  2  d2t 


■1  r 

i 


Q-Tc 

c  dR2] 


=  0  , 


or  Q(R)  satisfies 


d2Q  .  _*i  q  -  o 
dR2  *c 
If  we  take  the  solution 

Q(B)  =  *  , 


(4.29) 


(4.30) 
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0(R,t)=f1(*F1+BF2) 

(4.31) 

and 

*T§  =  L  (AF3  ®V 

(4.32) 

where 

F ■  .  JM  *  -  1  )  , 

1  8  «-c  “  ’ 

F,  =  t ^*=1  -  JL 

2  8  "S  R 

•) 

,y  a»>4y)  , 

3  R  vc  *ca  rV  ’ 

*  ■  '  ?/• 

(4.33) 

«*)• 

In  order  that  we  consider  only  progressive  waves,  we 

take 

C(R,t)  s  L"1  [B  FI] 

(4.34  ) 

and 

Taa  =  L  [<>♦  ®V  ^"a]  • 

(4.35) 

If  we  take  the  pressure  function  in  the  form 

p(t)  =  L*1  [f(s)] 

(4.36) 

then  for  R  =  t,  some  initial  radius ,  set 
Tp^  =  -p(t),  for  t  >  0, 

=  0,  for  t  <■  0  , 

and  so 

-  L"1  [(>  +  2^)BF  (»,«)  +  22.  BF2(s,«) 


or 


B  = 


-=ILsi 


(X  +  2,m)Il (s,a)  ♦  32  F2(s,a) 

’  a 


(4.37) 
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U(R,t)  =  L’1 


-f(»)  F2(b. R) 

I  _  - - 

(X+^F^U.a)*^  F2(a,*) 


t  >0 

(4.38) 


=  0 


t  L  0 


In  detail  this  solution  is 


U(R,t) 


S  JL  liM  rrVca3(Ra^vc)  f(s)  ds 

*  1/  [(>  *  (as)2  +  V^c(as)  + 


t  >  0 

(4.39) 


=  0  ,  t^O. 

We  see  that  these  are  progressive  waves  out  from  the  sphere. 
If  we  set 

P(t)  =L“1  [  p a/s] 

then 


p(t)  =p0  ,  t  >0 

=P</2  >  t=0 

=  0  ,  t  <0  . 

Using  this  for*  of  f(s)  in  equation  4.39,  we  find  for  a  unit 
pressure  pulse, 


OtR.tls*^ 


I  /'if 

vs/ 


(4.41) 


+  — 2—  (»)  a^ainl^r, 

*/mz  A 


✓'  +  V. 

r^o 


r>o 
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/l*  >> 

1  +  A. 
is* 

(4.42) 


and 


(4.43) 


We  sea  that  tha  total  displacement  consists  of  three  terms, 
one  static  and  two  oscillatory.  Tha  first  decaying  as  l/ir 
and  tha  sacond  as  l/R •  If  we  assume  that  a  is  snail  and  R 
fairly  large,  then  the  dominant  oscillatory  tarn  is 


m,t)=  »2Pfl - I  ,~r'/**T,ijx  ivr^O  (4.44) 

2W*+  R  * 

*=  o,  T  *  o  . 


Va  observe  anplituda  «c  ,  pressure,  araa  of  cavity, 
l/rigidity  of  nediua,  frequency  =(vc  y z  / 2irm ) <=c ,  velocity 
of  wave  propagation,  l/radius  of  cavity,  and  if  >  ~A(  , 
tha  damping  is  high,  hsncs  the  motion  is  in  tha  nature  of 
a  pulse  of  duration 


At  = 


(4.45) 


4.4  ELASTIC  HALF-SPACE. 


From  the  spherical  case,  we  have  for  any  pressure 
time  distribution  at  R«a,  tha  radial  displacement 

o(B,t)=i_1[Br£l»fl  p  ^  (  >.yR; 

In  cylindrical  coordinates,  this  becomes 


«  -  fill 
U0  -  R 


=  'J(g-Ki) 


(4.46) 


(4.47) 
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for  the  spherical  disturbance  located  at  *r-d  with 
Rsi/r2*  (s+dj2*  For  a  spherical  disturbance  located  at 
z&d,  we  hare  analogously 


v’if 


...Slip 


(4.4«) 


■her*  R'  -  l/r2  +•  (»-d ) 2  end  tJ»(R,t)  i»  •  solution 

like  equation  4.46* 

If  we  combine  the  two  solutions,  we  hare 

A  \~h  (W  ♦  ~§7  <V»1>]  *  Tn  =°  (4.49) 

at  *=0,  or  this  means  that  we  have  zero  shear  stress  from  this 
sum  at  s  —0#  If  we  form  the  cylindrical  components  of  die* 
placement,  we  have 

-1  T_  ,  .  ,  -  rV^c)*! 


-1'1  [*S  A  HB  "*  ’ 

-  **  [-  (+ra;  • 


Voting  that 


h  -  ^h' 


$  _  CH-A I  j 

as  ~  B  Sr 


(4.50) 


(4.51) 


(4.52) 


equations  4.50  and  4,51  may  be  written 


w  =  L"1  B  J 
o  o 


J-  (e 

u 


- 


(4.53) 


(4.54) 


From  Watson’s  BeBBel  Functions  [lTj  using  p.416,  13,^7 
equation  (2)  and  p,  80,  3.71  equation  (13),  taking  lt~of 
a  =  (z+d),  bar  and  z=b/vc,  we  hare 
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f  =  J  vr>,  fr.*0»o 


(4.55) 


where  ^  a  y'f**  *Xrcx  .  This  integral  is  clearly 
uniformly  conrergent.  By  differentiating  under  the 
integral  sign,  nnd  using  this  in  equations  4.5b  and  4.-54,  we 

hare 

“o  =  L_1  [-B  f  i «=  /, (rwTl  <^-56) 


T-i  r  »  r" 

=  Llj_-B  f  7f 


J,  C7OJ7I 


( Md)>° 


For  the  image  located  at  z  2:  d  ,  we  hare  similarly 


"x  =L  1  _'B  J0  :t ‘  ‘'"l  h-^1 


(4.57) 


(4.58) 


(4.59) 


where  we  have  chosen  B  to  be  of  the  same  form  for 
equations  4.58  and  4.59  as  in  4.56  and  4. <57  in  order 
that  4.49  be  satisfied.  In  cylindrical  coordinates, 
we  must  have  zero  vertical  stress  at  z  ■  0.  Explicitly, 
this  reouirement  on  the  displacements  is 


(™i*  ~  1  -v,  )  (j~  1-  t)  *  ^  ~r=° 


(4.60) 


Let  us  take  the  displacements  given  by  equations 
4.56  through  4.59  and  combine  with 

Uj  =  l_1  Jb  j, C7 <-) a 7 1 


(4.61) 
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*2  =L  1  |^B  Jo  7*  c<7 )e4i  J,(7r)rf7"j 

where  «*  =  ,  /*=/?**  ^  and  A  and  C  are  functions 

cf  7  which  we  shall  determine  by  squat  ion  4.  60  in  order  that  we 
hare  aero  shear  stress  and  zero  normal  stress  at  isQ.  Physi¬ 
cally.  this  amounts  to  assuming  that  when  the  primary  compres- 
sional  disturbance,  originating  at  the  sphere,  impinges  on 
the  surface  s  =0,  it  gives  rise  to  waves  6f  the  eomnressional 
as  well  as  shear  type.  How  we  determine  k(j)  and  Cfy)  so 
that 


u  =Uo  +  ux  +  u2  ,  w  =  w0  -f  wx  ^w2 


are  displacements  which  nroduce  zero  shear  Trz.  and  zero 
vertical  stresses  at  z  =0.  Having  done  this,  we  obtain  the 
formulae  valid  for  \  z  J  <  d 


*  (X  -d) 


(4.62) 


'  j; 


/3  1 

J, 


t  >  o 


and 


t+o 


w(r,z,t)  ~L 


-1 


_  (  o  - - p— e  *4C7**Wy 


r  02 

-1  t  1 


L  (1  '*> 


(4.63) 


f. 


&> 


(x  +d) 


J.  il*")  dy 


t  y  o 


=  o 
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where 

T(y)=  (l7l  *■  -  H*/*?1', 

f(  -7  )  =  ( J  7*  +  +  ^*/3  7a, 


oL 


-  VlX  +  sy*rc‘ 


<4*64) 

(4.65) 


We  hart  as sum d  bar*  that  the  initial  function  f(s)  is  so 
chosen  as  to  raprassnt  sobs  impulsive  type  of  pressure  on  the 
spherical  surface.  The  square  roots  are  taken  posit ire  when  7 
is  large  and  posit ire.  Ve  can  show  by  differentiation  that  ' 
these  displacements  are  derivable  from  the  stress  functions 


(4.66) 


(4.66) 


and 


F  (7) 


J.(yr)  7 


/3  z.  -  *.4 


C 


(4.67) 


Equations  4. *62  and  4.63  give  the  exact  solution  for  the 

displacements  in  an  elastic  half-space  due  to  the  application 
of  an  arbitrary  radial  pressure-time  pulse  on  the  surface  of 
a  small  spherical  cavity  of  radius  a  imbedded  in  the  half- 
space  a  distance  d  from  the  surface.  Previously,  solutions 
have  been  given  for  a  unit  pulse  in  the  elastic  half-space 
considered  as  the  instantaneous  injection  of  a  small  volume 
in  the  medium.  However,  using  this  solution  to  build  an 
arbitrary  shaped  pulse  would  require  further  integration 
procedures,  with  the  fbrm*  given  here  an  arbitrary  type  pulse 
can  be  initially  given  pn  the  surface  and  is  expressed  in  the 

operation  L"1  [6  { . J  1  .  Specifically,  we  have  for  the 

surface  displacements,  placing  s=0, 
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i'Wj*  t>o 

(4.6 6) 


1  r-  oe  1 40 


<  >  O 
ex  o 


These  me y  be  written  wivh  only  J0(^r)  appearing  as 
u(rtOtt)=L_1  [fi  \fr  f  °*  \,-^T/  w  ,T 

L  7  (•;?*))/'  O®,  , 

s  0  ' J 1  (4. 


>  txo 


t  tX-O 


In  these  expressions 


F(7)=  (2?*+  4  '\Iix+  # 


(4.72) 


O 

which  has  branch  points  at  %  =■  *  V^c  ,  7»  =  i  */'**  /  and  a 
pole  -  (-s^Aa^)d«0676o)  for  ,  Lamb  has  shown  for 

0(a)  -(2«2-k2)2-4V«2-h2  •  ^ »4-h2  .  »2- 

that  G(m)  is  a  cut ic  in  m£/k2  and  if  h  and  k  are  real  then 
we  hare  one  essential  real  root  and  two  extraneous  complex 
conjugates.  These  last  two  roots  make  no  contribution.  If 
we  write 

G(im)  n(2m2+k2)2  -  4/*^"?  •  s/m^-h2  *  m2 

then  for  the  case  on  hand,  we  identify  k  2  s/tc ,  h  -s/tc, 
in  =7  and  P(7)=G(im).  We  hare  therefore  to  consider  tho 
evaluation  of  the  integrals  around  a  suitably  chosen  co&- 
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tour  enclosing  the  three  singularities.  From  this  integra¬ 
tion  with  respect  to  y  ,  we  obtain  functions  of  s  pud.  r  only 
when  we  are  at  the  surface  s  =  0.  Then  by  applying  /J 

we  introduce  whatever  type  cf  pulse  we  would  consider.  Evalua¬ 
tion  of  these  integrals  yat  remains  and  this  is  to  be  done 
at  some  future  time. 
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CHAPTER  5 

A  CUSS  OP  CENTRAL  PORCB  MODELS  IN  STATISTICAL  MECHANICS 
5.1  INTRODUCTION 


The  object  of  this  chapter  is  to  study  carefully  the 
particular  class  of  abdels  in  statistical  mechanics  described 
in  §  5.2  with  a  view  to  deriving  the  equations  of  the  mass- 
motion  of  the  particles  of  the  system  considered  as  a  con¬ 
tinuous  medium.  The  resulting  equations  constitute  a  sort 
of  theory  of  hydrodynamics  corresponding  to  the  given  model. 

Since  a  finite  system  of  particles  la  not  a  "continu- 
our  medium"  some  way  must  be  found  to  pass  from  the  discrete 
to  the  continuous.  The  method  of  this  chapter  is  to  con¬ 
sider  an  infinite  sequence  of  particle  distributions  in  which 
the  number  N  of  particles  becomes  infinite.  Of  course  as 
K  is  varied,  the  laws  of  force  acting  between  the  particles 
must  be  adjusted  in  order  to  preserve  the  important  character¬ 
istics  of  the  system;  this  is  done  by  choosing  the  potential 
#jj(r)  (r  =  distance)  of  the  N-th  force  law  to  satisfy 

«H4H(r)  =*  !<»•/*„) 

where  K  is  a  constant  having  the  dimensions  of  the  square  of 
velocity  and 


3 


M  being  the  total  mass,  the  mass  of  a  single  particle, 

D  a  constant  having  the  dimensions  of  a  density,  a 

scale  length,  and  $(  f> )  is  a  fixed  function,  K,M,D,  and 
§  being  independent  of  N, 

The  particle  distributions  are  handled  by  considering 
the  Pourier-Stielt jes  transforms  of  the  distributions  of 
mass,  momentum,  and  energy  which  transforms  have  desirable 
continuity  and  differentiability  properties  in  the  trans¬ 
formed  y-apace.  Some  very  interesting  theorems  concerning 
the  existence  of  the  limits  (as  H  -»  oo)  of  these  transforms 
which  vary  continuously  with  time  also  t\re  proved  in  $5.1i. 

-  71  - 

CONFIDENTIAL 


conwerru 


PROJECT  1.9 

The  remainder  of  the  chapter  is  devoted  to  the  determina¬ 
tion  of  the  equations  satisfied  by  the  limiting  distributions. 
These  are  seen  to  be  the  Fourier  transforms  of  the  desired 
equations  which  are  as  follows: 

*  *  =  0 

-q  .g  .fl 

u  ♦  \rufl  +  pft=0,  a  =1,2,3 
t  xp  x 

— <jl  "1 1  c  —a  i  - 

%  *  “  t***"  (V+PU,a>  =  0 


in  which  a  repeated  Greek  index  in  a  term  indicates  a  summa¬ 
tion  of  all  the  terms  obtained  by  letting  the  index  run 
from  1  to  3  (aee  also  §2,2;  we  use  this  summation  con¬ 
vention  for  Greek  indices  throughout  this  chapter),  f>  is 
the  density,  u1.^.  and  u3  are  the  components  of  mass-velo¬ 
city.  £  is  the  internal  energy  per  unit  mass .  p  is  the 
pressure.  q^,q2,  and  q3  are  the  components  of  the  heat  flux 
vector,  all  being  functions  of  the  time  t  and  the  rectangular 
coordinates  x^,x^,x^.  The  following  relations  also  define 
p  and  qa  in  terms  of  the  other  functions  f>  ,  u®,  and  £ 
and  the  constant  K  and  the  function  $  entering  into  the 
force  laws  of  the  model: 

P  =  (  |°/2)  [ £  — P ( |°  )]  /3  +  KpCf  £  /K)/d| 

q°  =(  |°u°/2)  |5  [S-P(  (»)]  /2  +  S|»A(  £A)/D  +  KpCl  £/K)/D 

-2p/f>  -2£  j 

where  A(s),  C(s),  and  (3(  f>  )  are  functions  determined  by 
the  force  law  and 

A(s)  —  I4.tr  J'  w2  J(w)  exp  [-3s  f  (w)/2]  dw, 

C(s)  =  (I4.W/3)  j  -w^  $'(w)  exp  [-3s  t(w)/2j  dw; 

we  have  not  determined  the  explicit  form  of  the  function 
P(j°)  but  believe  that  it  is  given,  at  least  for  convex 
functions  £  ,  by 
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0 o 


p(p)  =K  21  $ 

J,k,/*-oo 


(  J^k2**^2*  Jk+ji+ki)^(3PDA"  /° 


where  P  is  the  numerical  density  of  the  densest  packing  of 
spheres,  i.e., 

F  =✓?  [3  Arc  cos(l/3)-ir]  ,  3FAw  =  .166128. 

We  have  also  determined  the  form  of  the  density  function 
for  the  distribution  of  coordinates  and  velocities  as  follows: 

r  -.3  /2  r  2 

tr(t;x,u)  =  p(t;x)  •  [_B(  £  ,  f>)/irj  «P  j-B(  £  ,  )  |u-u(t;x)| 

where 

B(  £,(°)  =  3A  [e-P((°)]  . 


We  note  that 

J  ir(  t;x,u)du  =  (o(t;x) ,  \  uSrf  t;x,u)du  =  f>u°  . 

-OO 

The  explicit  forms  of  the  functions  p,  q°,  A(s),  C(s), 
and  xr  were  obtained  by  making  a  series  of  assumptions  which 
are  set  forth  and  underlined  at  various  points  in  the  deri¬ 
vation.  Most  of  these  assumptions  are  in  the  nature  of 
approximations  which  the  writer  bell  yes  are  valid  in  the 
limit;  unfortunately,  at  this  writing,  the  writer  has  not 
investigated  them  carefully.  However,  we  have  made  a  funda¬ 
mental  assumption,  stated  as  Assumption  5  in  §5.5  which  is 
closely  allied  with  the  famous  Ergodic  Hypothesis.  It  is 
probable  that  this  will  not  be  proved  by  anybody  in  the 
foreseeable  future;  the  best  that  can  be  hoped  for  is  to 
supply  a  good  deal  of  heuristic  evidence  in  its  support. 

The  equation"  which  we  have  obtained  are  the  standard 
ones  for  liquids  and  gases,  although  the  writer  believes 
that  the  explicit  determinations  of  the  "equations  of  state" 
are  new.  The  writer  believes  that  the  solid  or  perhaps 
plastic  3tates  correspond  to  cases  where  £  is  very  close 
to  its  lower  limit  For  notice  what  happens  to  the 

function  xr  in  such  cases;  this  indicates  that  the  random 
motions  of  the  particles  with  respect  to  their  mass-velocity 
become  very  small.  This  in  turn  points  to  a  definite  break¬ 
down  of  assumption  5  on  account  of  the  inability  of  the 
individual  particles  to  change  their  relative  arrangement. 
This  is  an  exceedingly  interesting  line  of  investigation 
which  we  wish  to  pursue  further.  We  believe  also  that  our 
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Assumption  1  on  the  nature  of  the  function  |>  rules  out  the 
possibility  of  a  liquid  state  for  our  model.  There  are  no 
terms  which  involve  viscosity  in  our  equations;  accordingly, 
if  our  approximations  are  valid  the  viscosity  effects  arise 
from  the  finite  size  of  the  particles  so  their  determination 
will  require  a  further  investigation  of  the  approximations. 
Some  of  these  involve  the  neglect  of  terms  of  the  order  of 

Wjj  and  crjf  which  might  be  found  without  too  much  trouble: 
however,  sc  many  of  them  involve  terms  of  the  order  of  Ujj 

that  it  Is  probably  hopeless  (and  also  unnecessary)  to  carry 
an  expansion  .in  terms  of  <5-„  to  terms  beyond  the  second 
power.  * 

We  have  already  alluded  to  the  summation  convention 
with  respect  to  repeated  Greek  indices  which  we  shall  employ 
throughout  this  chapter.  We  shall  make  extensive  use  of 
superscripts  and  subscripts,  and  tae  superscripts  will  be 
located  in  the  places  usually  occupied  by  exponents.  Super¬ 
scripts  will  sometimes  denote  exponents  and  such  cases  will 

usually  be  clear  from  the  context,  as  in  (B/tt)3/2,  etc.,  and 
in  connection  with  the  exponential  function  which  we  write 
alternatively  as 

ez  or  exp  z 

the  latter  being  used  if  z  is  some  complicated  expression. 

We  shall  also  use  double  subscripts  or  superscripts  such  as 
Kpq,  etc.;  a  comma  is  to  be  understood  between  the  subscripts 

or  superscripts  and  will  be  inserted  if  either  p  or  q  is 
complicated. 

We  shall  frequently  use  single  letters,  possibly  with 
subscripts ,  to  denote  vectors,  the  components  of  a  vector 

(in  3  apace)  will  be  designated  by  superscripts ;  thus  x^ 

denotes  the  a-th  component  of  the  j-th  vector.  The  inner 
product  of  two  vectors  y  and  x  will  be  denoted  by 

y  •  x  =  y0!*1 

and  the  length  of  a  vector  w  by  |  w  j  ,  We  shall  write 
f(x_, ••*, x  )  for  f(x*,x2,x3, ...,x J,x  2 ,x  3  ),  etc. 

1  N  ill  N  N  N 

We  shall  use  the  term  cell  (in  3-space)  to  denote  the 
set  of  all  (x*,x2,x3)  (or  some  other  letter)  satisfying 
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a°  4  xa  c.  ba  ,  a  =  1,2,3, 

for  fixed  numbers  a®  end  b®  and  will  denote  cells  by  the 
letter  R,  possibly  with  subscripts.  Cells  in  6-space  are 
defined  similarly.  Farts  of  the  boundaries  have  been  left 
off  so  that  cells  can  be  fitted  together  without  counting 
boundary  points  several  times  (par tides  on  the  common 
boundaries  of  several  cells  otherwise  would  be  counted  in  all 
these  cells). 


Multiple  integrals  will  frequently  occur  and  will  be 
denoted  by  a  single  integral  sign  except  where  it  is  de¬ 
sired  to  express  a  multiple  integral  as  the  result  of  several 
repeated  (possibly  multiple)  Integrals.  Thus  an  expression 
such  as 

Js  dxl  i  dx2  1  h(*1,x2,u1)du1 

-*■  S3 

will  denote  the  result  of  integrating  h  first  with  respect 
to  the  variables  in  u^  (each  letter  may  denote  several  vari¬ 
ables)  over  the  domain  of  integration  S3  (which  might  depend 
on  xi  and  *2)  holding  x^  and  X2  constant,  then  Integrating 
that  result  with  respect  to  X2  over  S2,  and  last  with  respect 
with  respect  to  over  S^. 


A  function  f  of  several  variables,  say  (t;y)  — 

( tjyl,y2,y3) ,  will  be  said  to  satisfy  a  Llpschlts  condition 
on  a  set  S  if  there  is  a  constant  L  such  that 


f(t 


1* 


;y1)-f(t2;y2)  4  l 


'V‘1 


>*+ 


for  any  two  points  (t^jy^)  and  [t2iJ2)  S.  If  S  is  a 

cell  (or  the  whole  space,  etc.)  and  the  partial  derivatives 
are  continuous  and  uniformly  bounded  on  S,  then  f  satisfies 
such  a  condition  but  the  converse  is  not  necessarily  true. 


5.2  PARTICLE  DISTRIBUTIONS 


The  models  which  we  consider  in  this  chapter  consist 
of  N  Identical  particles,  each  of  mass  m,  any  two  of  which 
repel  one  another  with  a  force 

-m2  $*(r) 

(if  $’(r)  >  0  the  particles  attract  one  another).  Let 
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I 

21  $(rJk), 

J»kal  J 
J*k 

Then  the  equations  of  motion  of  the  system  are 

nxf  =  -a3S/?xf  ,  «  =  1,2,3,  J  =  1,--,K,  (5.2) 

or 

x“  =  Uj°  and  u“  =  -  >H/>Xja  ,  (5.3) 

where  dots  denote  differentiation  with  respect  to  time. 

Ve  may  think  of  these  equations  as  determining  the  motion 
of  a  single  particle  of  mass 

M  =  Rm 

in  the  6M-dimensional  space  of  the  vectors  x^,***#xN  and 
u*, •••,«£.  This  space  is  called  the  phase  space  and  the 
particle  is  called  the  phase  particle. 

Prom  equations  5.3,  it  follows  that  all  the  quantities 


N  2 

H  ^ZLjUjj  +  mH  (5.5) 

are  constant  in  time  along  each  trajectory  of  8  phase  parti¬ 
cle,  The  first  and  third  quantities  in  equation  5.1*  give 
the  components  of  the  total  momentum  and  angular  momentum 
(about  the  origin)  of  the  system  of  particles  and  the  first 
and  second  terms  in  equation  5.5  are  the  total  kinetic  and 
potential  energies  of  the  system,  respectively.  The  three 
components  of  angular  momentum  ire  obtained  oy  setting 
(o,p)  =  (2,3), (3,1),  and  (1,2). 

We  are  interested  in  the  distributions  over  the  x-space 
of  mass  and  the  other  quantities  mentioned  above.  These  are 
determined  by  a  knowledge  of  the  total  mass,  momentum,  etc., 
of  all  the  particles  in  each  cell  R  of  the  x  space.  The 
total  mass  in  R  at  a  given  instant  of  time  is  just  m  times 
the  number  of  particles  in  R  at  that  instant  and  the  com¬ 
ponents  of  momentum  and  angular  momentum  and  the  kinetic 
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energy  are  given  by  the  sums 

»E  »/*,»£:  |  £  l«jl2  <5.6) 

where  the  sums  are  extended  over  the  particles  xj  which  are 
in  R  at  that  instant.  It  is  customary  to  define  the  potential 
energy  of  the  single  j-tfc  particle  by 

rk4  i<rj.t);  <5-?> 

this  merely  assumes  that  the  potential  energy  between  two 
particles  is  shared  equally  between  them.  It  is  seen  that 
the  total  potential  energy  of  the  system  is  then  just  the 
sum  of  that  of  all  the  particles  and  so  we  define  the  poten¬ 
tial  energy  of  the  particles  in  R  as  the  sum  of  their  separate 
potential  energies. 

Obviously  these  quantities  for  any  fixed  oell  R  vary 
dlscontinuously  with  time  as  particles  enter  and  leave  R, 
Moreover,  it  is  obvious  that  these  distributions  are  not 
integrals  over  R  of  continuous  functions  of  x.  In  order  to 
derive  equations  for  the  density,  mass-velocity  (or  momen- 
tum-density),  and  local  energy,  considered  as  continuous 
functions  of  t  and  x,  we  must  somehow  pass  from  the  "dis¬ 
crete"  particle  distributions  just  described  to  "continuous" 
distributions  in  which  the  mass,  momentum,  etc.,  in  a  cell  R 
are  triple  integrals  over  R  of  density,  etc.,  all  of  which 
are  continuous  and  have  continuous  first  derivatives  with 
respect  to  t  and  the  xa. 

This  Is  frequently  done  by  considering  a  continuous 
family  of  particle-systems,  in  other  words  a  continuous 
family  of  phase  particles,  and  then  introducing  a  weighted 
average  in  the  phase-space  over  this  set  of  phase  particles. 
This  introduces  such  a  degree  of  arbitrariness  into  the 
situation  that  it  is  difficult  to  draw  exclusions  of  physical 
significance.  We  shall  study  particle  distributions  by  means 
of  their  Pourier-Stielt jes  transforms  which  turn  out  to  have 
desirable  continuity  and  differentiability  properties.  Our 
method  of  passing  from  the  discrete  to  the  continuous  consists 
in  considering  sequences  of  particle  distributions  in  which 
the  number  N  of  particles  becomes  infinite.  A  very  general 
theorem  concerning  the  existence  of  limiting  distributions 
is  proved  in  We  then  present  a  heuristic  argument, 

baaed  on  certain  assumptions  which  are  set  forth  in  the  course 
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of  the  argument,  which  leads  to  the  form  of  the  equations 
satisfied  by  the  limiting  distributions. 


In  Statistical  Mechanics,  it  is  frequently  desirable 
to  consider  the  distributions  of  the  quantities  mentioned 
above  in  the  6  dimensional  (x,u)  space.  These  are  defined 
by  equations  5.6  and  5.7  where  the  sums  extend  over  all  J 
for  which  (x«,uj)  is  in  the  cell  R  in  the  (x,u)  space;  in 

other  words  for  all  J  for  which  we  have  simultaneously  xj 
in  and  Uj  in  R2,  R^  and  R^  being  the  projections  of  R 

on  the  x  and  u  space,  respectively.  If  we  denote  the  total 
mass  in  such  cells  R  by  TT(R),  then  7T  is  called  the  simul¬ 
taneous  distribution  of  coordinates  and  velocities.  The 
distributions  in  the  (x,u)  space  of  momentum,  angular  momen¬ 
tum,  and  kinetic  energy  can  be  expressed  formally  in  terms 
of  the  distribution  7T  by  means  of  the  Stieltjes  integrals 


•  •  •  •  • 


JuadTT,  [  {xauP-x3ua)dTT ,  and  \  f  |uj2dU  ; 

R  * 

the  potential  energy  cannot  be  so  expressed.  In  case  H 
were  a  "continuous  distribution",  i.e.  if  there  were  a  con¬ 
tinuous  function  rr(t;x,u)  such  that 

TT(R)  =  J  ir(  t;x,u)dxdu 

all  the  other  distributions  would  be  continuous,  reducing  to 

J  u^f t;x,u)dxdu,  \  (xau^-xPua)tr( t;x,u)dxdu,  and 
R  JR 

i  (  |u  |^tt(  t;x,u)  dxdu, 

"  ft 


respectively.  The  distribution  TT  is  therefore  also  of 
considerable  interest. 


5.3  SEQUBNCE3  OP  PARTICLE  DISTRIBUTIONS;  A  THEOREM  ON 


We  wish  now  to  consider  sequences  of  particle  distri¬ 
butions  in  which  N  is  allowed  to  vary  and  we  shall  wish  to  al¬ 
low  N  (which  is  very  large  anyway)  to  tend  to  infinity.  In 
order  for  there  to  be  limiting  distributions  of  a  reasonable 
sort,  we  shall  assume  that  the  total  mass,  momentum  components, 
and  energy  remain  constant.  Thus  we  must  attach  a  subscript 
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N  to  m  and  $  and  moat  have 

Nmjj  =  M  (5.6) 

independently  of  N.  It  is  convenient  to  introduce  a  distance 
acale  factor  c r  having  the  dimensions  of  a  length  defined  by 

»„  =  D  (5.9) 

where  D  has  the  dimensions  of  density.  Sinc6  we  are  inter¬ 
ested  in  systems  in  which  the  potential  energy  is  important 
(dense  gases,  liquids,  and  solids),  we  need  to  choose  the 
form  of  so  that  the  potential  energy  term  tends  to  a 

limit  as  N  — »  oo  .  We  choose  ft  so  that 

a 

mjj  $H(r)  =  K  4  (r/  <r  N) 


where  K  must  have  the  dimensions  of  the  square  of  velocity 
and  $  is  a  fixed  function  independent  of  N. 

The  equations  of  motion  then  become 

4j“*UJB  *nd  "j°=  'n  a * *,(rjk/TN)Ur^)/rJk-  (5-10) 


The  components  of  total  momentum  and  the  total  energy  become 


"'if  j?i  UJ  and  £jlujl  +K  k?i  (5-n) 

and  these  remain  constant  with  time.  We  note  here  the  pre¬ 
sence  of  the  factor  o-"1  in  the  expression  for  UjQ  .  Prom 
equations  5.8  and  5.9  we  see  that  cr^  — >  C  as  N  <*> 

This  suggests  that  the  u-components  of  the  motion  of  the 
phase  particle  vary  more  and  more  rapidly  as  N  — >  oo  .  It 

also  raised  the  question  as  to  what  quantities  remain  bounded 
and  what  quantities  have  bounded  time  derivatives  as  N  — ►  oo . 

In  this  connection  we  first  prove  the  following  theorem? 

Theorem  5.1  Suppose  $(  p)  is  continuous  and  differenti¬ 
able  for  all  p  >  0  with 
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$  (  f  ^  0  and  f  (  (°  )  ^  0  If  p  >  0, 

and  suppose  there  is  a  number  n  >  0  such  that 

0  4  -  p  f(  f>)  4  n  f(  f>)  for  ^  >  0.  (5.13) 

Suppose  a  particle  distribution  has  total  energy  S  and  sup¬ 
pose  at  some  Instant  t0,  we  have 

jaN2  =c  * 


Then,  for  all  times  we  have 


M 

where 


1/2,  r  i  i2 

t-t0|  *n’E  •  t-tJ 


(5.14) 


n*  =  the  larger  of  2  and  n. 


(5.15) 


Proof.  If  we  let  f(t)  denote  the  left  side  of  equa¬ 
tion  5.l4#  then 

N 


f’(t)  =  2M-  *  Z^y  Uj), 


f-(t)  =2«.l  IJuji  .2H.1 

using  the  equations  of  motion  5.10.  Prom  the  equations 
of  motion,  we  obtain 

2“-  r  jfi  Vj  =  J(|=1  x“[*  *’(rjk/-N)-(xrxk)/l> . 

3i* 


Noting  that  the  lntercnange  of  j  and  k  in  this  double  sum 
changes  the  sign  of  the  term  in  brackets,  we  may  add  a  dup¬ 
licate  of  this  sum  with  j  and  k  interchanged  and  divide  the 
result  by  2  obtaining 
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a  o 

2M*  -  Z.  *1*. 

N  J  J 


= *  <  •  s  ^  (xH>  [-  *'(vv'(xK)/rjk 


H 

UK  5  Z. 

»  j,k=l 


[-(rJk/<r»)  §'(rJk/<r*) 


Using  equations  5.12,  5.13#  and  5.15*  »®  see  that 


f«(t)  Sir*.  2k"  Z  |uj|2  +  2n-«.  Z  *(pj/<’V 


£  2n’B, 


for  all  t.  By  the  Schwartz  Inequality 


f(t0)  =2M. 


■  |x  <w|  * 2  [*  "'"zhi2]  *  (“"W 


3/2  & 

i  2J/  (CB)\ 

The  result  follows. 

Prom  this  result,  it  follows  that  all  the  "second  moments" 
of  the  distribution  tt  of  coordinates  and  velocities,  such  as 

l5-c(3  lTa^  1  J  op 

M*  y  L  x.  x  ,  M*  -ft  ,  and  M*  -  /_  u.u. 

J=1  J  J  «  j=l  J  J  N  Jal  J  J 

remain  bounded  on  any  finite  time  interval. 

We  remark  that  any  function  $(je)  of  the  form 
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i(f)  -k{>~n  ,  n  >0 


satisfies  the  conditions  of  this  theorem.  Many  other  func¬ 
tions  do  aa  well.  No  doubt  one  can  obtain  a  boundedness 
theorem  for  a  much  more  general  class  of  functions  $  in¬ 
cluding  some  which  change  sign  but  this  question  requires 
further  study. 


5.4  THE  F0PKISR-3TIELTJS3  TRANSFORMS;  LIMIT  THEOREMS 


In  this  section,  we  introduce  the  Fourier-Stielt Jes 
transforms  of  the  distributions  of  mass,  momentum,  and  total 
energy  over  the  x-space.  These  are  the  comp lex- valued  func¬ 
tions  of  t  and  y  defined  by 

y*(t;y)=M.^  Z.  ®*P  ( y x j )j  (i2= -1) 

w  ^ 


(5.16) 


5 

Y  ( t;y) 


The  Fourier-Stielt jes  transform  of  the  distribution  IT  of 
coordinates  and  velocities  is  defined  by 


N 


flp( 


OO 

_  -j 

[l(/.Xj  v.Ujj] 

r.Jexpi 

i(yx  vu) 

*“  J 

_  oo 

(5.17) 


We  notice  that  the  partial  derivatives  of  tp  are  continuous 
and  given  by 


1  a  f 

<£.a  — IH.jj  Z  x^  exp  [^i(y»x^  +  v»Uj ) 
?Ta  =  exp  j\(y*x^  ♦  v#uj)j 
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a  0  =■ 

Ty  r 


^  x jx j  exP  [i(y^j  ♦  *#uj>] 


eip  [k»**j+  ’’“j*] 


(S.18) 


^a¥p  =  -«•!  2  u“u^  «xp  [i(y*j  ♦  T-Uj>] 


Prom  these  formulas,  we  see  also  that 

<P(  t;y,0)  =  ?*(t;y)  ,  =  1 Y 1  a=ll*2*3 

We  note  that  the  functions  Y1, •••*  ar® 
with  respect  to  t  as  follows: 

yi(t;y)  =iya  Y1+a(t;y) 
t 

Y^a(t;y)  =miA"1  £  ujuj  ,xp  [1<7'xj|] 

n  *-  n  r  -I  <xp 

♦  (i//2N)  Z  **P  L1(y,Xj)j  VJk 

3=1  krt  (5.1 


ap 
FJk 
(5.19) 


r*<t;y> 

t 


=  (iy°/H>  £  UJ«3  expfMyxjj] 

♦  (lyf/2H)  £  u“  exp  j\(y*Xj)^J  E[iy*(  VVj  TJk 


where 


e j  =  (M/2) 


j 


l2  »  , 

iu.  ♦  k  z 

k«l  J*  M 

k*j 
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▼“j*  =  « 

Jir 


*<  VV  #•  (rjk/aH)  (lr^)/rjk 


(5.20) 


E(z )  =  z  1  Jexp  z  -  1  if  ztQ,  E(0)=1, 


We  note  that  <r  enters  into  the  derivatives  of  the 
in  equations  5*19  *-8 <5  5*20  only  inside  $  or  in  the  combina¬ 
tion 


-  (0  §•<  jo)  with  f  =rJk/<rN 


Suppose  now  that  $  satisfies  the  conditions  in  equations 
5*12  and  5.13  and  suppose  we  have  any  sequence  of  particle 


distributions  in  which  N 


the  total  energies  Ejj  remain 


bounded  as  floes  the  quantity  on  the  left  side  of  equation 
5>.14  at  some  instant  of  time,  all  the  bounds  being  indepen¬ 
dent  of  H.  Then,  since  j  exp  ( i© )  |  =1  for  all  real  6,  it 
follows  from  theorem  5.1  and  equations  5.19  and  5.20  that  VjJ 
to  and  their  first  derivatives  with  respect  to  t  and  the 
y°  are  uniformly  bounded  independently  of  N  for  all  y  and  all 
t  on  any  finite  interval.  Hence  we  have  the  following  theorem 
aa  an  immediate  consequence  of  Ascoli's  theorem: 

Theorem  5.2  Suppose  we  are  given  a  sequence  of  particle 
distributions  of  the  type  described  above.  Then  there  is  an 
infinite  subsequence  of  the  given  sequence  of  N  such  that  the 
functions  tend  uniformly  on  any  bounded  part  of  (t.y) 

apace  to  limiting  functions  ^  ,  y  ~1,...,4,  each  of  which 
satisfies  a  uniform  Lipschitz  condition  on  any  bounded  part 
oi  tne  (t,y)  apace.  The  function  y*  is  continuously  dirreren- 
tl.bU.lth  re.p.ot  to  tue  and  ..tUfl..  the  equation 

The  derivative  of  ,^5)  involves  third  moments  and  strange 
cross  moments  which  we  have  not  proved  to  be  bounded  in  time. 
However  if  the  energy  distributions  tend  to  zero  uniformly  at 
infinity  and  uniformly  on  any  finite  time  interval  (something 
which  seems  very  likely  if  it  holds  at  one  instant),  then  the 
functions  are  equi-continuous  over  the  y-space  anyway. 

Most  probably  there  are  sequences  of  particle  distributions 
in  which  the  required  additional  moments  are  bounded  in  time 
which  would  allow  us  to  include  in  the  theorem  above. 

The  second  derivatives  of  the  (>  =2,  •••, 5)  are  seen 

to  involve  the  factor  crv*,i  which  suggests  that  the  first 
derivatives  of  the  yj'*  1  ,  though  bounded,  oscillate  more 
and  more  rapidly  with  respect  to  time  as  N  increases.  Thus 
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theorem  5*2  is  interesting  in  that  it  shows  that  for  any  time 
interval,  however  small,  the  time  averages  of  the  time  derive* 
tivea  of  the  tend  to  limits,  namely  the  difference 

quotients  of  the*  limit  functions. 


It  is  also  found  that  the  first  time  derivative  of 
^(tjyjV)  for  v/0  also  contains  the  factor  <r^a  so  that 
also  varies  more  and  more  rapidly  as  a  function  of  time  as  N 
increases.  But  if  we  have  a  sequence  of  particle  distribu¬ 
tions  as  above  we  note  (from  equations  at  least  that 

the  and  their  partial  derivatives  up  to  the  second  order 

in  the  y's  and  v's  are  uniformly  bounded  over  the  (y,v)  space 
on  any  bounded  time  interval  independently  of  8.  Let  us  con¬ 
sider  the  functions 


(s;y,v) 


ds. 


Then  the  functions  X^,  1111(1  *nd  derivatives 

with  respect  to  t,  yP,  snd  vP  are  all  uniformly  bounded  on 
any  bounded  part  of  (t,y,v)  space.  Hence  we  obtain  the  fol¬ 
lowing  theorem: 


Theorem  5.3  Suppose  we  are  given  a  sequence  of  particle 
distributions  as  in  theorem  5«2.  Then  there  is  a  subsequence 
of  N  such  that  XN,  X^-a,  and  XN-a  *11  converge  uniformly  to 
limiting  functions  X,  xla,  and  X  a  on  sn y  finite  part  of  (t,y,v) 
space;  the  limiting  functions  satisfy  uniform  Lipschitz  condi¬ 
tions  in  (t;y,v)  on  any  finite  part  of  (t;y,v)  space. 


The  Interest  of  this  theorem  lies  in  the  observation  that 


XN(t+T;y,v)-XN(t;y,v) 

T 


n  t-t-r 

j  ds. 


i.e.  is  a  time  average  of  .  Thus  we  conclude  from  the 
theorem  that  there  is  a  subsequence  of  N  such  that  the  time 
averages  over  every  time  interval  however  short  tend  to  limits. 
Finally,  since  the  limit  functions  X,  X-a,  and  X  a  sll  satisfy 
Lipschitz  conditions,  it  can  be  shown  that  there  is  a  set  of 
measure  zero  of  values  of  t  such  that  if  ti  is  not  in  this  set, 
then  Xt(t^,y,v)  exists  for  all  (y,v)  simultaneously  and  satis¬ 
fies  a  Lipschitz  condition  in  (y,v).  Since  t  does  not  enter 
into  the  equations  of  motion,  one  would  expect  that  X*  would 
exist  and  be  continuous  for  all  t  but  this  has  not  been  proved. 
In  this  case,  we  would  call  the  corresponding  distributions  of 
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coordinates  and  velocities  quasi- a table . 


5.5  DETERMINATION  OP  THE  LIMITING  EQUATIONS;  THE  PUNDAMEN 
TAL  ASSUMPTION. 


In  this  and  following  sections  we  wish  to  determine  the 
forms  of  the  limiting  functions  obtained  in  theorems  5*2  and 
5*3  obtained  in  the  preceding  section. 

We  now  make  the  following  assumptions; 

Assumption  1:  $  satisfies  the  conditions  in  equations 

5.12  and  5.13. 

Assumption  2-  We  are  given  a  sequence  of  particle  dis¬ 
tributions  such  that  their  energies  EN  and  the  quantities  Cg 
on  the  left  aide  of  equations  5.14  are  bounded  and  indepen¬ 
dently  of  N  at  some  instant. 


•••••:  Assumption  3:  The  particle  distributions  are  such  that 

the  functions  ¥£,•••,  Vn  are  all  uniformly  bounded,  have 
•*  uniformly  bounded  first  derivatives,  and  converge  uniformly 
:  v  to  functions  on  each  bounded  part  or  (t;y)  space 

aj  in  theorem  5.2. 

.  The  assumptions  2  and  3  above  can  always  be  satisfied, 

•  except  possibly  that  about  Y*  ,  not  yet  proved.  The  next 
. ;  assumption  reflects  our  desire  to  obtain  equations  governing 
;;;*  the  distributions  in  the  x-space. 

Assumption  4:  The  functions  v^,...,  have  continuous 
first  derivatives  and  are  the  Pourier-Stielt Jes  transforms 
or  continuous  distributions  in  the  x-space  the  density  func¬ 
tions  of  which  have  continuous  derivatives. 

"V* 

For  each  N  in  our  sequence,  let  D  (t;R)  be  the  distri- 

y  n  y 

bution  corresponding  to  (t;y)  and  let  D  (t;R)  correspond 

to  VY(t;y).  Prom  the  theory  of  Pourier-Stielt jes  transforms 
it  follows  that  the  distributions  are  uniquely  determined  and 
that  the  convergence  of  Djj  (t;R)  to  D*(t;R)  is  uniform  for  all 
cells  and  for  all  t  on  any  finite  interval.  The  distributions 
D*  and  D*j.  are  those  of  mass,  the  Dl+a  and  Djj1***0  are  those  of 
momentum,  and  TP  and  are  those  of  energy.  By  assumption 
4*  And  equations  5.1&, 
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DMt;R)  =  j*  p(t;x)dx,  D1+a(t;R)=  J  ( t ,x)ua( t;x)dx, 
R  R 

t;R)  =  e(t;x)dx, 

J  ft 

e(t;x)  being  the  total  energy  function  and  uc(t,x)  being 
the  components  of  the  mass  velocity  vector;  also 


r*  ^3 

y*(t;y) =  J  f(t;x)exp  [jL<y *x)J  dx, 
^“(tjy)  =  J  ^(t;x)uG(t;x)exp  |l ( y - x ) J  dx 

-  OO 

^(t;y)=  J  e(t;xx)exp  jjL  ( y  *  x ) J  dx 


For  each  N,  choose  a  finite  number  Rj_,  P  =  Pg, 

of  non-overlapping  cells  which  together  contain  all  the 
particles  of  the  distribution  D’g.  We  assume  that  Pjj  — » 

and  the  diameter  of  each  cell  — *  0  as  N  -- *  oo  but  so  slowly 
that 

lim  (%)  =0,  lim  E^(t;RN)//^(RN)  -f(t}x0), 

N-*o o 

(5.21) 

1+a  a 

lim  ( tjRjj)//^  ( Rjh )  =  p(f;x0)u  (t;x0); 

N  00 

5 

lim  DN(t ;Rn)//^ (Rn)  =  e(t;xQ), 

N 


whenever  Rjj  is  any  cell  selected  from  the  N-th  collection, 
so  chosen  that  the  cells  close  down  on  the  point  x0.  We 

may  also  assume  that  the  ratio  of  maximum  to  minimum  dia¬ 
meter  of  each  cell  is  ^  some  fixed  number  Q  Independent 
of  N. 

Now,  consider  the  manifolds  ^  in  the  N-th  phase 
space  consisting  of  all  phase  particles  whose  corresponding 
distributions  coincide  with  the  Dyf  (t^,R)  at  time  t^  for  all 
cells  R  of  the  N-th  set.  For  all  of  these  it  is  seen  that 

y 

the  corresponding  fN(t^;y)  differ  very  little  from  those 
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y 

of  the  given  Djj  .  The  derivatives  with  respect  to  time 
may  differ  considerably  but  those  for  Y  from  1  to  4  are 
bounded  independently  of  N.  It  is  likely  that  as  N  — T  o°  , 
the  proportion  of  phase  particles  on  such  for  which 

the  derivatives  of  the  functions  fail  to  be  bounded 

tends  to  zero,  Since  these  ‘fjJt  are  bounded  independently 
of  N  and  we  have  uniform  convergence,  it  follows  that  every 
phase  particle  remains  on  nearby  such  manifolds  for  an 
appreciable  length  of  time,  independently  of  N.  On  the 
other  hand,  the  factor  in  the  equations  of  motion  5.10 

suggests  that  the  total  speed  of  a  phase  particle  becomes 
large  with  N.  This  suggests  that  the  total  motion  of  the 
phase  particle  is  compounded  of  a  rapid  motion  along  a 
manifold  and  a  slow  motion  into  neighboring  manifolds. 

Since  there  seem  to  be  no  other  functions  besides  4^, ••*, 
which  vary  slowly  with  time,  it  would  seem  that  there  are 
no  "invariant  submanifolds"  of  so  that  the  projection 

on  of  the  phase  particle  would  come  close  to  every 

point  on  T/ljj  in  a  short  time  Interval  in  the  manner  stated 
in  the  well-known  Ergodic  Theorem.  This  is  reinforced  by 
the  fact  that  there  are  Nl  indistinguishable  phase  parti¬ 
cles  obtained  from  one  another  by  permuting  the  indices 
of  the  particles.  The  Ergodic  Theorem  states  in  such  a 
case  that  the  time  average  over  a  sufficiently  long  time 
interval,  which  in  our  case  may  tend  to  zero  as  N— y  co  f 
would  be  equal  to  the  sp  >ce  average  over  of  any  given 


point  function  on  “^11  • 
fundamental  assumption. 


We  therefore  make  the  following 


Assumption  5-.  The  derivatives  ^(t^jy)  are  ®chi*l» 
respectively,  to  the  limits  as  N  — >  00  of  the  averages 
over  Tvtjj  of  the  expressions  in  terms  of  the  and  Vic¬ 
tor  the  derivatives  of  y^t(t;y)  given  in  equations  5.19. 


The  averages  over  are,  of  course,  to  be  taken 

with  respect  to  an  appropriate  "surface  measure"  on  Th.  VI . 

N 

Since  the  flow  in  the  phase  space  defined  by  the  equations 
of  motion  5.10  is  known  to  preserve  volumes,  this  measure 
on  “htN  is  "invariant"  as  is  required  in  the  Ergodic 
Theorem. 
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5.6  FIRST  STEP  IN  THE  AVERAGING  PROCESS. 

Assumption  5  reduces  our  problem  of  finding  time 
averages  to  that  of  finding  the  space  averages  of  certain 
functions  over  certain  manifolds,  a  type  of  problem  which 
Is  rather  standard  In  Statistical  Mechanics.  Since  this 
Is  so  and  since  the  formulas  are  complicated,  we  shall  not 
carry  out  this  work  In  all  detail. 

The  expressions  In  equations  5.19  are  seen  to  bo 
symmetric  in  the  Indices.  Since  each  has  the  same 

property  we  may  replace  the  1/N  times  each  single  sum  by 
one  terra  with  j  =  1  and  the  sums  involving  k  ^  j  by  N-l 
times  the  single  term  with  k  =  2.  Thus  the  averages  over 


of  the  expressions  for 


are  equal  to  those  below 
Nt 


iy^exp  ji(y-x1)]  j^Mu^  u^  +(N-1)E  [iy  (x^x^]  v^/2j  * 


for  Y  =  1  +  a 


iy^exp  |i{y»x^)J  ju^  ^(N-Du®  E  jly-Ug-x^  , 

for  y  =5 

where  E(z)  and  v^  are  defined  in  equations  5.20,  and 


(5.22) 


e,  = (M/2) 


lu^+KOJ-l)  i(r12/  o-H)j.  (5.23) 

Since  we  already  know  that  the  equations  for  ^  k°lds  in 
the  limit,  we  have  omitted  it  here.  Each  of  the  quantities 
in  equations  5.22  and  5.23  is  a  function  of  (*i#x2'ul)  for 
each  fixed  y.  In  order  to  average  a  function  f(xi#*2»ul) 
over  a  manifold  7h  ,  we  first  find 

>  (x1,x2,u1)  -  [/«(**n)J  [>n(x1,x2,u1)J  (5.24) 

in  which  is  the  surface  measure  and  Tn.  (*i#*2»ul^  de¬ 
notes  the  section  of  7fl  for  which  x\tX2,  and  u^  have  their 
given  values.  The  average  is  then  given  by 


j  f (x1,x2,u1)  X( x1,x2,u1)dx1dx2du1 
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Q  being  the  projection  of  7*1  on  the  (x^.Xg.u^)  apace. 

For  aimplicity  let  us  hold  N  fixed  for  the  moment  and 
denote  by  yn  and  the  N-th  aet  of  cells  by  R^,****Rp. 

Proa  our  definition  of  7K  and  of  the  various  distributions, 
ve  see  that  7>i  consists  of  all  (xj,Uj)  in  the  phase  space 
such  that 


(i)  there  are  Np  particles  x^  in  Rp  where 
K  =  SDlft^R  )/M,  p  =1,...,P 

(il)  Iu“  =  KptI  }a  =  NDjj*°(t^;Rp)/M 

j 


(Hi) 


V'l 


♦  Wp(x) 


5 


(5.26) 


=  2HpEp  =  ZNDjJU^R  )/*,  where 


»p(x)  =  K  Z  kZ  *<«>/-„>• 

fc/J 


E 

P 


=  D 


N 


(t  }R  )/D< { t  ;R  ) 
1  p  Nip 


and  the  sums  on  j  are  over  those  j  for  which  Xj  is  in  Rp, 

We  wish  to  reduce  the  problem  of  finding  the  func¬ 
tion  'Xfx^XgpU].)  of  equation  5.24  to  simpler  terms.  We 
see  from  the  previous  paragraph  that  »l  breaks  up  into  a 
number  of  symmetrically  placed  manifolds  7Kj  where  J  stands 
for  a  permutation 


•h,n2i  ***'^P,N 


P 


and  Jp,  1#  *  *  *  #  ^ptNp  those  j  for  which  xj  lies  in  Rp, 

p  =  1, All  the  manifolds  obtained  by  permuting  the 
Jp#».  mong  themselves  for  each  p  are  identical  so  that  the 
n  are  distinct  only  when  the  sets  Jp  ^  a-e  not  all 

identical.  The  number  of  ways  in  which  these  P  sets  of 
Ni#«..,Np  objects  can  be  selected  is  well  known  to  be 
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w; 

• * •tfp! 


(H  =  »,♦•••♦*«). 


Mow,  suppose  that  x^,  is  in  Rp  and  is  in  Rq.  Then 

'Vlj(x^,X2,^i)  ia  empty  unless  J  is  such  that  1  occurs  in 

the  p-th  set  and  2  in  the  q-th  set.  The  number  of  J  for 
which  this  is  the  case  is 


(N-2)j 


If  p  =  q,  and 


m 


■q-A/ 


if  P  t  q. 


Hence  if  x ^  Is  in  Rp  and  is  in  we  have 

(Wi^pp  (xpXgjU^J/HfH*!)  if  p  —  Q| 

'X(x1,x2,u1)  =  )  (5.27) 

/NpHqXpq(x1,x2,u1)/N(M-1)  if  p  t  q,  »h»re 

'*pq(xl»x2»ul^  ~  L'44  ^  [^j(xl*x2,ul^] 

for  a  fixed  J  for  which  1  is  in  the  p-th  set  and  2  is  in 
the  q-th. 


5.7  DETERMINATION  OF  THE  FUNCTIONS  Kpq 

In  this  section,  we  sketch  briefly  the  determination 
of  the  functions  "Kpq.  There  are  really  only  two  distinct 

cases:  p  =  q  and  p  q.  Since  the  results  must  come  out 
in  terms  of  the  constants  N,  Np,  ,  and  Kp,  we  may  take 

p  =  q  =  1  in  the  first  case  and  p  =1,  q  *  2  in  the  second; 
the  results  for  the  general  p  and  q  may  then  be  read  off. 

In  order  to  avoid  complicated  notation  involving  the 
Jp.k*  we  introduce  a  double  subscript  notation  for  tho 
x’ s  and  u’ s  in  which  xpl,  •  •  •  ,Xp^ u  are  the  x’s  in  Rp  for 

each  p.  Since  we  wish  to  exhibit  the  dependence  on  *i#X2# 
and  u^  we  assume  the  alternative  notations 


►A.  1 A :  lirJ 


X1  -  xl,Bf  U1  "  U1,H1 
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in  both  ctS'» 


*2  =  X1,H1-1  If  P  =  1  =  1.  *2  =  *2(h2 


(5.28) 


if  p  =  l,  q  =  2, 


and  a ha 11  use  these  notations  interchangeably.  Our  given 
manifold  '77'Lj.  can  then  be  described  by 

*p j  in  Rp  fcr  j  =  l,***,Mp  and  p  =  1, •••,?; 

^1-*Z)=o,  a  =  1.2.3;  p-i.-.p; 


(5.29) 


♦  Vx)  =V2VI“pI2> 


where 


=  2H  K 


Hn  H, 


*p(x)  = 


> =  K  *<hrvAN>+K  qz  f  zj 


K*  =  E  -  !u  1/2. 
p  p  ‘  p1 


(5.30) 


The  derivation  of  the  last  equation  makes  use  of  the  fact 
that 

Hn  Nn 


|  !up.rSf=  ?  K.j 


»  I-  I2 
-Hu  : 

P '  P  I  * 


this  follows  immediately  from  the  first  equations. 

Since  all  we  want  is  ths  surface  area  of  7?Zj  and 
'?71j(x1,X2,u^)  f  we  may  introduce  new  variables  v  ,  de¬ 
fined  by  * 

Ta  =  ua  .  -  5a  .  (5.31) 

P,J  Ppj  P 

The  equations  5.29  can  then  easily  be  solved  for  v\  , 

Vpi#  v£p  and  v^  in  terns  of  the  other  v“  4  and  all  the 
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g 

xn  v  F°r  ®ach  p,  we  obtain  2  soultions  so  Wt-  and 

H#  K  p  " 

^J^X1#X2,U1^  break  UP  *nto  2  parts  of  equal  area  on  each 

of  which  the  solutions  above  are  s ingle -valued;  we  have 
chosen  our  variables  so  that  x^,X2#  and  u^  are  among  the 
independent  variables.  The  element  of  surface  area  on  "Wij 
and  7Mj(x^,X2#u^)  can  be  found  by  standard  formulas;  one 
can  then  find  the  area  of  7)ij{x^,X2,u^)  by  Integrating  the 
area  element  with  respect  to  all  the  Independent  variables 
except  x1#X2»  and  u^  and  can  then  find  that  of  TKj  by 
integrating  that  result  with  respect  to  (*i#x2*ul)* 

More  specifically,  suppose  that  0  is  the  projection 

of  y?lj  on  the  (*i»x2*ul)  space  and,  for  each  set  (x^,X2#u^) 

in  G,  suppose  g(*i»x2»ui)  is  the  projection  of  ?Hj(x1,X2,U2) 

on  the  space  of  the  remaining  xp  j .  Having  chosen  x^,X2, 

and  u^  in  G  and  a  set  of  remaining  Xpj  in  G(x^,X2#u1),  it 

turns  out  from  the  fact  that  the  solutions  for  v®,  and  v1- 

n  P*  Pc 

depend  only  on  the  vjjj  of  the  p-th  set  that  the  area  element 

is  a  product  of  functions  of  the  vpj  only  and  that  the 

domains  of  integration  of  the  vpj  are  independent.  Thus 

the  integration  with  respect  to  the  v’s  breaks  up  Into  a 

product  of  integrals  of  the  form 


where  the  Sp  are  ellipsoids  whose  positions  and  dimension 
depend  on  (x^,X2*u^,^^2)  anc*  the  fp  are  simple  functions  of 
the  vpj;  here  $12  denotes  all  the  xpj  except  x^  and  x%» 

The  result  is 


[7Vxi»x2»ul|]  ~ 

5 


r(x1,x2,u1) 


(5.32) 

8i(xi»x2»u1»x12^  *  *  *®p(xl»x2,ul,x12^<^*12* 


-  92  - 

COmDOITUL 


where 


OfflKRTMl 


PROJECT  1.9 


(3*1-a>/2 


(5.33) 


*1  s  *l[}‘vl(x)/1sl  '  |ux-“i !  2/2E*(,,1-l! 

r  ,.3  <3»b-S)/2 

8p  =  kp[1*vpU)ApJ  .P>1. 

,/,  3(H,-2)/2  _  (3H,-9)/2  ,,  r  h 

Kj  =  21/Z(I1-1)  3/2w  1  (2H1E^)  1  / 

1/2  -3/2  ^V1’/2  .  O*  -5)/2/  T  ,3 

K  =  21/Z*3/Zw  *  (2KB*)  p  /  T  |3(H  -l)/2l  ,P>1 

P  P  PP  '  L  p  j 


Tp(x)  =»p(x)/2Hp  ,  p  si,--, P. 


. and  r ( x )  is  the  gemma  function.  Since  ve  are  ultimately 
letting  H  (and  hence  each  Np  by  equations  5.21)  — 1 f  , 

we  replace  by  its  very  accurate  asymptotic  formula 


r  #1>3hr8)/2 

gx  =Ki[l-vi(x)/E*J 


exp 


|-c(  x)  |  j 


a(x)  =  3A  IE.*  -V  (x) 

L  *  A 


,  where 

(5.34) 


We  now  wish  to  exhibit  the  behavior  of  the  Integra,! 
in  equation  5.32  as  a  function  of  (*i#X2)*  W®  assume  first 

that  J  is  such  that  xj  and  X2  are  both  on  R^.  By  referring 
to  the  definition  of  Wp(x)  in  equation  5.30  and  of  Vp(x) 
in  equation  5.33#  we  may  write 


Vx(x)  =K  #(r12/<rR)/N1  ♦  V^x)  (5.35) 

where  V^(x)  contains  all  the  remaining  terms.  We  write 
[l-Vjlx)/**]  =  [l-K  *(r12/<r„)/)l1B1*]  •  [l-^UJ/B^J ,  .hero 

„  .  (5’3fc) 
E1  a‘*i-**(r12/i-M>/*1 


Using  the  standard  asymptotic  formula  in  the  preceding 
paragraph,  see  that  we  may  write 
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r  *1  r  -  ^k-»-8)/2 

gl  =  Kx-  exp  j-3K  i(vu/o-  m)/2B*J  *  [l-V^x)/!^*]  1 

•  exp  £>a(x)  lu^uj2]  . 

Since  the  first  exponential  factor  does  not  depend  on  the 
variables  of  Integration  in  equation  5 .32,  we  nay  take  it 
out  in  front  of  the  integral.  In  a  similar  way,  if  x^  la 

in  R^  and  x2  is  in  R2,  we  find  that  we  may  define  V^(x) 

and  V2(x)  properly  to  obtain 

r  r  -  *o<3 h,-8)/2 

gx  =•  K^xp^K  i(r12/^N)AE1|  •  l-V^x)/^ 

r  ~ 

•  exp|-a(x)  ju^-u^ 

g2  =K2e*p{j3K«(r12/o-B)AB*  ‘  1-y  x)/B^J  ^  ^ 

and  the  first  exponential  factors  may  be  taken  out  in  front 
of  the  integral. 

We  wish  to  exhibit  the  dependence  of  m  j>»tj(x^,x2,u^)j 
on  u^.  We  can  think  of  the  Integral  in  equation  5*32  as 
equal  to  an  average  value  of  the  exponential  involving  u^ 
times  tha  integral  of  the  remaining  factors.  We  need  to 
discuss  this  average  value.  Since  we  have  assumed  that 
is  small  in  comparison  with  the  dimensions  of  Rp,  wa 
note  that  the  sums 


K  k  d  $(ixPj-viAH> 


are  all  small  in  comparison  with 
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except  for  J  such  that  Xp .  la  within  a  dlatanca  comparable 
with  <r k  of  tha  boundary  of  Rp  provided  that  #(  f>)  tanda 
to  saro  a»  p  — ►  o o  rapidly  enough.  Thua  It  would  aaam 
that  wa  night  replaca  tha  functions  Vp(z)  in  aquatlona 
5.30  (and  hanea  tha  corresponding  Tp  and  Vp)  by  tha  first 

subs  without  Baking  such  error  In  tha  daslrad  average.  We 
formalise  this  in  tha  following  assimptlont 

Assumption  6:  In  ealeulatlng  tha  asyaptotlc  value  as 

I  — ►  oo  of  the  average  value  of  tha  factor  expj-a(x)  *  |uj-ujJ  " 
In  the  Integral  In  aquation  5*32  for  /*[Wj(xi,X2*ui)]  , 

It  la  possible  for  each  I  to  raplaea  tha  functions  Vp(x) 

£and  ^(x)  and  ^(x)]  by  the  functions  V*  (x)  obtained  by 
onlttlng  all  terns  of  the  font  $(|Xp  j-xq  x|/<^  )  *or  ¥■  P 
and  simultaneously  to  choose  proper  Independent  domains  of 
integration  GpCx^Xg,^)  for  the  Xpj. 

When  this  is  done  the  Integral  breaks  up  into  a 
product  of  Integrals  Ip  in  which  are  Independent 

of  (x^,X2»u^)  and  I2  is  independent  of  u^.  In  the  case 
where  x^  and  x2  are  both  in  R^,  I2  la  also  independent  of 
(x1#x2)  and  have 


;  Ix  =  f.j.xp^  f<'12/«rI)/2«*]  j  [«p  -«*<*>  ivuil2 


(3H,-8)/2 


(5.37) 


In  which  I  la  defined  In  equation  5.38  and 


,  "1-2 

»,(*)  =  A-  z 

1  *1  J*1 


*1, J-xllX  °‘l)*  4(|IlJ-,I2l/o"*) 


*1  J#k 


!*(*)  =  3A  «^*-V*(x)J 
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To  simplify  thla  further,  ve  assume 

Assumption  7:  In  computing  an  asymptotic  formula  for 
the  average  of  the  exponential  factor  in  the  integral  1^  of 
equation  5.37,  we  may  replace  V^(x)  by  the  function 

Vl*(x)  =  ip?  j  *  (lxlj’xlk|/<rl)*  <5.38) 

Ji* 


simultaneously  enlarging  the  domain  of  integration  0^  to 
include  all  •  •  #xl,N1-2^or  whicl1 


P  4  v"(x!  t!"  =  B*  -  K 

e* 

p  being  the  minimum  of  for  the  given  values  of  0g  and 

"x  • 

When  this  substitution  is  made,  the  integral  1^  de¬ 
pends  on  (x^xg)  only  through  the  value  of  E^*  which  tends 
to  E * ,  To  Investigate  this  integral,  let  \ )  be  the 

measure  of  the  manifold 


V1  <xn»  ###,xl,*i-2*  “  ^  P  -  ^  '*1 


and  let  us  denote  by  h.  Then  the  Integral  in  1^  becomes 


L 


|2A(h->v) 


^  t  (3»,-8)^ 
(1-  Vh)  1 


/<.  (>)«>. 

*1 


(5.39) 


The  high  power  of  (1-A/h)  occurring  in  the  Integrand 
suggest  strongly  that  an  asymptotic  formula  for  the  average 
of  the  exponential  factor  in  this  integral  would  be  obtained 
by  setting  "X  -  P.  On  the  other  hand,  as  — ♦  oo  f  the 

functions  /*v  ( X )  may  tend  rapidly  to  sero  for  small 

values  of  A  •  What  happens  awaits  a  further  study  of 
these  functions  However,  in  order  to  obtain  a  definite 

result  we  make  the  assumption: 
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Assumption  8:  An  asymptotic  value  for  the  average 
value  of  the  exponential  factor  in  the  integral  in  equa¬ 
tion  5*39  i»  obt aired  bj  setting  >=p. 

If  this  assumption  is  not  made,  the  average  value 
would  occur  for  some  other  intermediate  value  \  which 
might  depend  on  u^  as  well  as  on  0  and  h.  In  this  case 
the  average  would  not  be  exactly  an  exponential  function 
but  would  behave  somewhat  like  one  and,  at  any  rate  would 
depend  only  on  0,  h,  and  lu^-'ttjJ^  • 

Acceptance  of  this  assumption  focuses  attention  on  0. 
From  the  form  of  V^*(x)  (equation  5.38),  it  follows  that 
if  the  site  of  R^  is  increased  and  erg  is  simultaneously 
increased  so  that  cr^//4(R^)  is  kept  constant  and  if  Mi 

is  fixed,  then  0  Ja  unchanged.  Also,  if  the  shape  of  Ri 
is  held  in  bounds  as  described  in  the  original  selection  of 
the  Rp  and  if  $(  p  )  — »  0  rapidly  enough  as  p  — »  «>  ,  it 

is  practically  evident  that  0  will  depend  essentially  only 
on  the  combination 

=M-(»1/H)/.(R1)  =  Dj(t1;^)/y«(R1)  (5.1*0) 

But  we  have  seen  in  equation  5t21  that 

lim  p  =  11m  D»(t  jR  )//<(Rj  =  Pit  ;x  ) 

H-* 00  1  Ill  1  (  1  o 

if  the  R^  are  selected  to  close  down  on  the  point  xQ.  Hence 
we  make  the  assumption: 

Assumption  9:  Asymptotically 

0  =0((°1)  where  ^  s  DJ(  t  ;n  )/^  • 


Using  assumptions  6  through  9,  we  find  that  if  and 
Zg  are  both  on  Rlt 


•  )  l-j-SJ  *-3K  #(ri2/<rM)/2B* 


(5.1*1) 
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where 


B(<0i,Ei#)  =-3A[b*-P(/01)]  » 


(5.1»2) 


f  “l  ,  *  (3»i-8)/2 

1  =  1  1  (l-X/S*)  1  /<-  OOdX. 

JP(  <=!>  1  *1 

Since  /'(Tftj)  Is  the  integrel  of  /"  r,,j(xi»I2»tti)]  #  *• 
see  that  the  function  *n  defined  In  equation  5.27  Bust 
be  some  constant  times  the  exponential  function  in  equa¬ 
tion  5«4l*  the  constant  chosen  so  the  Integral  of  *11 
vlth  respect  to  (xi**2»ul)  Is  1,  But  the  form  of  this 
function  shovs  that  we  n*j  extend  the  original  projection  0 
of  TTf j  on  the  (x^fX2«u^)  space  to  Include  all  u ^  and  all 
X}  and  X2  on  (previously  x^  and  X2  had  to  remain  at  some 
positive  distance  apart  ->  0  «  H  -e  0°  and  lu^-lTy]  had  to 
remain  less  than  some  large  number  oo  as  I  — f  ao  ) 
without  affecting  the  asymptotic  formula  for  7]^.  Supposing 

Ttu  =  A  sip  [-B  lUj-ttj]  2-3K  I  (r12/  CgJ/ZB*] 

and  the  integral  of  with  respect  to  (x1(x9fu1)  is  1, 

we  obtain  xx  x  *  x 

1  =  aJ^  dx^  exp[-3K  $  (p12/  <rM)/Z**2  dx2  1  e*P [-B  lu^-u^du^ 

Since,  by  f  well  known  formula 

j  <j(exp^-B|u1-iI1|2]du1  =  (w/B)3//2  , 

and  since  the  exponential  Involving  $  Is  practically  1 
except  when  r^  ia  of  the  order  of  <rR  and  since  O’fZ/HiRi) 

— *  0  we  see  that  we  may  write,  asymptotically, 

*11^ xl» x2,ul^  ~ 

[b C B*) /w] 3//2  [/'(Rj)]  ”2axp JjB11u1“a1|  2"3K  ^(r^ crB)/2B^|  . 
An  entirely  similar  argument  shows  that 
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\2  =[b(  (d1.b*)/«]3/2  ['"(r1)]'1  [/"(Hj)]"1  • 

•  •xp^B1|ura1|2-3K  f(rl2/<rH)tE*'1+^*1)Aj. 

We  may  therefore  reed  off  our  general  results: 

*pp  =  ( Bp/w ! 3/2 [^< ( Rp jj  *2.xp  l-Bp  lUi-Upf-OK  «(r12/^)/2i^] 

(5.43) 

vi  =(v,)3/z[^(rp)]*1  K>r- 

*  •^[jBpl^-Upl2-^  f  (r^/cr 


5.8  THE  LIMITING  EQUATIONS. 

In  this  section  we  apply  the  results  of  the  preceding 
sections  to  determine  the  quantities  ‘fJjtjy)  and  will 
also  determine  the  form  of  the  function  <p(t;y,v)  = 
Xt(t;y,w)  of  §  5«4«  These,  in  turn,  will  lead  to  our 

proposed  equations  of  motion  in  the  (t;x)  space  and  to  the 
form  of  the  limiting  distribution  of  coordinates  and  velo¬ 
cities. 

We  first  determine  $>(t;y,v)  =  *t(t;y,v)  which  will 

be  determined,  using  the  fundamental  assumption  5  and  the 
symmetry  of  7n  as  the  limit  of  the  average  over  of 

M  exp  [i( y-x^v -u^J 

According  to  equations  5.25,  5.27,  and  5*43#  this  average 
will  be  given  by  the  limit  of 

J  X(x1,x2,u1)exp[jL(yx1+v.u1)j  dx1dx2du1 

=  1  (°p,(  VN)  C"(V]  "1JW  IX!  • 


-  100- 

CONFIDENTIAL 


fSOJBCT  1.9 


■  J(,«p[-3t(Pi2/<r,)/2K*]dx2. 

•  J  «?[!<»-»!>]  <Bp/.)3/2  •*p[-Bp|u1-apf]  dUl 


+  Z  I  <  Pp-OqAlL^tR,]*1  J  •xp[i(yx1)]dx1- 
qrp 

•f  •xPr.3f(E;"1^“1)A]^2  • 

•J  •xpjl(T-u1)J  (Bp/w)^2  exp  2]  dux 

where  p^  was  defined  In  equation  5.40.  low  !]♦•••♦  Ip  —  I, 
and  f>  — f  p(t^;xQ)  and  [see  equationa  5.30,  5  #26#  and  5.2l] 

11*  B*  =  6(t1;x0)  =e(t1;xQ)/p  -  ju(  tx;xo)|  2/2 

aa  Rp  closed  down  on  x0,  where  u^tjx)  la  the  *aaa  Telocity 
vector  and  £(t;x),  defined  by  thia  equation.'  ,  ia  the  aped- 
fic  internal  energy  per  unit  aaaa .  In  the  limit,  since  the 
exponential  involving  9  1«j  1  moat  of  the  time,  we  obtain 

<?(t;y,v)=  J  exp^Kyxj+v-Uj^J  ^°(tjx1)  (B/w)^2  • 

•  expj-B |ux-u(t,x)  |  Jdxjdtt!  (5.44) 

where  B  =  B(  6  ,  f  )  =  3A  (j  -P(  f  )]  . 

Thia  ia  seen  to  be  the  Fourier  transform  of  the  function 
ir(t;x,u)  =  (°(t;x) -(B/ir)^^2  exp  |^B|u-u(t;x)  |2J  (5.45) 

which  is  the  density  function  for  the  distribution  of 
coordinates  and  velocities. 

Ve  may  read  off  the  averages  of 
lfu1au1^exp[i(y.x1)J  and  Wol*  |  ^  f  expflfy-x^] 
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fro*  the  result  In  equation  5.44  by  expanding  the  exponential 

In  power a  of  the  v®  and  carrying  out  the  Integration  with 
reapect  to  u^  or  by  carrying  through  the  averaging  process 

directly;  the  latter  process  evidently  gives 

f  <exp[i(y-x1)l  ^(t;x1)dx1  J  j^B/wJ^u^uJeipl-Blu^u^j  dux 

®J*  expjl(y-x15j  f  (t;xx)  [fca(  &  ®P/2B]dx1 

(5.46) 

^  expjl(y*x1)l  ^(t;x1)dx1  J  jB/wJ-^^JujJ2  #xp  jjBlu^u^4']  du 

„  oo 

expfKyx,)]  f  (t;x1)  +5ux/2Bt]dx1 

where  Is  the  usual  Kronecker  delta  defined  by 

f  1  If  fl=P 
d  (  0  If  a^p. 

y 

In  order  to  complete  the  determination  of  the  ^  , 
we  see  from  equations  5.22  and  5.23  that  we  need  to 
compute  also  the  averages  of 

KM(»-l)uxP  $(  r  O'  n )  exp  ( y  *  x  ^  )J 

(8-1)8  [ly-fx^x^!.^  •xp[l(yi1)]  (5,1+7) 

exp  £i  ( y*  x1  )J 

We  note  that.  In  carrying  the  averaging  process  in 
equations  for  these  quantities,  we  may  first  carry  out  the 
integrations  with  respect  to  ux.  In  the  first  and  third 

quant Itie;  in  equations  5.1+7,  this  results  merely  In  the 
constant  factors  Up^  and  Up®  which  can  be  taken  entirely 
outside  the  integrals  along  with  fp;  in  ♦•he  second  the 
result  of  the  integration  ia  Just  1,  Also  the  factor 
exp[i(y*xx)J  !•  the  same  for  all  terms  in  the  sum.  If  we 
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denote  the  averages  of  the  respective  quantities  in  aqua¬ 
tions  5.47  by  ,  Q^,  and  Q^,  we  therefore  obtain 

=  I  /•pS/  f  •xp[i(7-i1)l A(x1)di1 
P*1  JKr 

=  Zl  <°p  j  «*P  [ilyii)]  Ca^(y,x1)dx1 

q3p  =  p£  ^p3pi;*p[1(y#xi,]cap{^x1)d*1 


3  ~  rP  P  d* 


where 


*<*!>  =  <  <V'*)  jR'KtH’1)  i(r12/,rH)‘ 

•  «p[-3K  f(r12/<rs)A^-3K  ifr^/o-gJ/USq]  dx2 

p 

Cap(y;x.)  =  Z  (  fa/*)  f  *<*-!>  * 

.  exp  |-3K  i  (r12/ (rN)ABp-3K  ^(r^/crjJAlq  J  . 

•  E  |iy  -  ( x2-x x  )J  jj-  ( r  12/  <rH )  • $'( r  ^/oj )  *  ^x'X2 J  ( Xl’X2 


In  order  to  evaluate  these  integrals ,  we  set  $  -  (x^-x^/ov. 
Then  1  * 

3  t  3-1 

dx2  “  ^jjd .?  and  (N-l)  ^  =  M(l-H  )/D  (5.48) 

and  the  integrations  are  now  extended  over  new  cells  R* 

each  obtained  from  the  original  Rq  by  first  translating  it 
through  the  vector  -x^  ana  then  signifying  the  result  in 
the  ratio  <r"*.  Of  these  new  cells,  only  R*  contains 

H  p 

the  origin  and  the  others  are  ail  far  froa  the  origin 
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unless  is  within  s  distance  comparable  to  w-g  from  the 
boundary  of  Rp.  Hence,  if  x^  is  confined  to  the  part  of 
Rp  at  a  distance  d  from  the  boundary  which  remains  as  I  — ¥ 
oo  comparable  with  the  dimensions  of  R0,  we  see  that  all 
the  go  off  to  infinity  and  the  integrals  over  them  con¬ 
tribute  nothing  to  the  integral  in  the  limit  while  R'_ 
expands  to  Include  the  whole  %  -space.  Since  !S(lzfl  4  1 
for  all  real  2  and  E(0)  ~  1,  we  see  using  equation  5*48 
that  the  limiting  values  of  A(x^)  and  Ca^(yjx1)  are 

A(xx)  =  -£e  j  K*(|$l  ).xp[-3K«(  III  )/2E*]d|  = 

4trtJ  w2  *(.)exp[-3K  #(w)/2B*]dw  =  KA(e£/K)  (°p/D 

C°^(y,x  )  =:  ijpE  (  ia^/3)-4»  j  -W^  #'(.)exp  j^-3K  f(w)/2B^dw  = 
8aPKC(B£/K)  pp/D 


where  A(s)  and  C(s)  are  dimensionless  functions  of  s  only 
explicitly  defined  by  these  equations  in  terms  of  s  and 
the  potential  function  §  .  Therefore,  the  limiting  values 
of  the  Q*  s  are 

Qj^(y)  =  (K/D)  j  i  /K)exp  [i  ( y-  x)]dx 

Q^(y)  =  (I/D)  «a@ J  £/K).xp[l(yx)]dx 

Q^(y)  =  (K/Di  J  t  A)»xp[l(y-x)]  dx 

Inserting  these  results  in  equations  5.22  and  adding 
in  the  equation  for  H^(t;y),  we  obtain 

,  a  u#  1+a 

^t;y)  -  iy  (t;y)  (5.1+9) 

Y1^C(t»y)  ~  *1**  J  fu^expjUyxjJ  dx  ♦ 
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♦  (iya/2)  f  l  /I)/d]«xp[i(7-x)]  d* 

-  a O 

Y*(t;j)  =  (l//2)  J”  (*uP  |u|2*5/2Mp*(  £  AJ/MfCIf/Oc] 

*  exp  [l(y-x)]dx 

Since  are  t^e  Poirier  transforas  of 

P,  fu1,  fu2,  P^3,  and  e(t;x)  -  f  [e ( t;x)*|u|2/2]  , 

we  see  that  the  equations  5*49  are  just  the  Pourier  trans¬ 
forms  of  the  equations 


ft  +  <f“a>xa  =° 


( eu“)t  ♦  (f  s°fip)  „  ♦  p  a  =  ° 

A  .A 


(5.50) 


[p(£  +!u|2/2)J  + 

f  {vP  e/K)/THHec[  eA)/pj|=o 

where  we  have  defined  the  pressure  p  by 

p  =  (  /2)  [b_1+K^C{  £  A)/d]  =  (f /2>k[t  -Ptf  )]  /3+KfC  ( e/f» )  /D  ^ 

(5.51) 

By  using  the  first  equation  in  5.50  to  simplify  the  second, 
using  the  first  and  second  to  simplify  the  third,  and 
introducing  the  heat  flux  vector  qa  defined  by 

q°  =  J  (•ua[5/2B+KfA(  £  /  f  t  /<*  )/D-2ej  -pu?  (5.52) 

we  obtain  the  standard  equations 


-  ICC  - 

C0NF1KKTUL 


CQrfSKXTUl 


FROJKT  1.9 


et  *  (?“■“>  xa  -  0 

“t  *  +  pi°  =  0 

f  ♦  UarC  ♦  £ 


-1 


q°  -fpu®  1 

_  xa  xaJ 


-  0 


(5.53) 
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CHAPTER  6 

0*  THE  APPLICATIOK  OP  PIMSISIOIAL  AIALY313 

to  uypKRQRotnn)  explosions 

6.1  IHTRODUCTIOH 


Dimena ional  anal jail  treats  the  general  forma  of 
equations  that  daacrlba  natural  phenomena.  It  ariaaa  from 
an  attempt  to  apply  the  concepts  of  geometrical  similarity, 
ratio  and  proportion  to  a  physical  problem.  In  the  follow¬ 
ing  v*  are  specifically  concerned  with  the  application 
of  dimensional  analysis,  in  contrast  to  dimensional  reason¬ 
ing,  to  the  problem  of  analysing  the  movement  of  earth 
eaves  due  to  underground  explosions. 

Dimensional  reasoning  is  by  no  means  nee  in  this 
field.  Model  lavs  derived  in  this  way  were  apparently 

first  proposed  by  C.  V.  Lampson  [7j  and  since  then  bare  bean 
used  by  other  invest igators.  However  their  mode  of  derivation 
leaves  something  to  be  desired  from  an  over-all  point  of  view. 
It  is  felt  that  a  more  general  discussion  of  the  principles  of 
dimensional  analysis  and  their  application  would  ba  of  help  to 
others  faced  with  similar  problems. 


In  the  following  the  aaaumptlona  underlying  the  theory 
of  daenslonal  analysis  are  reviewed  and  the  fundamental 
Pi  theorem  is  stated.  The  method  of  computing  the  unit- 
free  relations  is  explained  and  application  ia  made  to  tha 
problem  of  determining  the  moat  general  dimensionless 
function  forms  for  underground  explosions.  Prom  these, 
the  model  laws  used  by  previous  Investigators,  easily 
follow. 


6.2  THE  Pi  THEOREM 

Tha  assumptions  underlying  tha  theory  of  dimensional 
analysis  have  been  summarised  by  0.  Birkhoff  [l! 

They  are?  (I)  There  are  certain  independent  "fundamental 
units"  qi  such  that  for  any  positive  real  number 

a^d  =  l«**n)  we  can  "change  units"  according  to  the  formu¬ 
la 
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T(9i)  =  a^x  (<4  >  0) 


6.1 


(In  the  following  q*  ore  lengthy  time  and  mass).  II) 

There  are  "derived  quant It las"  Qj  (such  aa  danaity  aay) 

which  ara  homogeneous  in  tha  aanaa  that  under  aquation  6.1 
eaoh  Qj  la  multiplied  by  a  "conversion  factor"  given  by 

T(ty  =  (6.2) 

The  exponent*  a ara  called  the  "dlaanaiona"  of  Qj.  If 
they  are  all  zero,  then  Qj  la  called  dimensionless.  Ill) 
Tha  quantity  Qx  ia  determined  by  $2***^r  through  a  relation 

Q1  ^  f(^2*“Qr)  (6.3) 

IV)  Squation  6.3  ia  unit  free  in  the  aenae  of  being  pre- 
aarvad  by  any  tranaformation  of  equation  6.1.  V)  The 
quant ltiaa  Qx***^r  ^nvo^Te  *11  n  fundamental  units. 

With  these  assumptions  the  PI  theorem  of  Vaachy  and 
Buckingham  My  be  formulated  aa  followa. 

Theorem  6.1.  Let  tho  positive  variables 
tranafona  by  aquation  6.2  under  all  changea  of  aquation 
6.1  in  the  fundamental  units  qx***qn  •  Let  m  £  n  be  the 
rank  of  tha  Mtrix  )|m [|  defined  by  equation  6.2.  Then 
the  assertion  that 

g(Qx***^r)  =  0  (6.4) 

ia  a  unit-free  relation,  ia  equivalent  to  a  condition  of 
the  form 

<y(V  VJ  =  °  (6.5) 

for  suitable  dimensionless  power  products  "^i***~^r-m  of 
tha 

Tha  proof  rf  the  theorem,  including  a  critical  dis¬ 
cussion  of  the  assumptions  can  be  found  in  [lj  . 

6.3  SYSTEMATIC  DETSHMIHATIOK  OF  THE  IT  *a 

Tha  systematic  calculation  of  a  complete  set  of 
dimensionless  products  may  proceed  as  follows.  Consider 
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ths  "derived  quantities"  Qj(j  =  1 •••r)  which  are  derived, 
for  exaaple,  from  the  three  "fundamental  units"  l.e.,  the 
length  [L]  ,  the  time  [t]  and  the  mass  [m]  .  The 
dimensions  of  the  quantities  Qj  can  be  written  as 

r  »n  *12  *13] 

*1  L  L  *  T  J 

•••••  (6.6) 

*rl  *r2  *r3  1 

Qr  L  L  M  T 

In  order  to  obtain  a  dimensionless  power  product  of  the  Q. 
one  may  write  J 

TF  [l°M°T0]  =  [(l*11  K*1?  T>i3)  •  •  •  •  (l*1-1  M*r2  T*1-3) 

(6.7) 

The  exponents  x^*««xp  of  the  dimensionless  produet  are 
solutions  of  the  set  of  homogeneous  algebraic  equations 

£  =0  (k  =1,2,3!  (6.8) 

From  the  rank  of  the  matrix  (| a  Jic  It  *n<*  t*1®  number  of  vari¬ 
ables  Qj  one  obtains  the  number  of  dimensionless  products 
in  the  complete  set. 

Bridgman  [2]  has  shown  that  any  fundamental  system  of 
solutions  of  equation  6. B  furnishes  exponents  of  a  complete 
set  of  dimensionless  products  of  the  Qj's.  There  is  arbi¬ 
trariness  in  the  determination  of  a  fundamental  system  of 
solutions  of  equation  6.9.  The  result  can  however  be  made 
unique  by  specifying  that  the  matrix  of  the  solution  shall 
have  the  following  form. 
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• 
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0  •••  0  1 

Vmp>oM2* 

"  w 

Bach 

row 

of 

the  matrix. 

which  incidentally  represents 

particular  solution  of  equation  6.8,  is  a  set  f  exponents 
in  a  dimensionless  product  of  the  s.  The  complete  set 
of  dimens ionless  products  determined  by  this  particular 
matrix  construction  has  the  property  that  each  of  the 
variables  Qx***^r  occur®  In  only  one  dimensionless  grouping. 
This  property  has  the  advantage  for  the  experimentalist 
in  that  it  permits  him  to  vary  a  specific  dimensionless 
product  while  he  can  keep  all  others  constant.  This  facili¬ 
tates  the  study  of  the  importance  of  a  specific  dimension¬ 
less  grouping  in  a  physical  phenomenon  as  well  as  the 
representation  of  experimental  data  by  graphical  means. 


6.4  APPLICATION  TO  UNDERGROUND  EXPLOSIONS 

The  determination  of  the  model  laws  for  underground 
explosions  requires  a  decision  as  to  what  variables  enter 
into  the  problem.  If  variables  are  considered  which  do  not 
really  affect  the  phenomenon  too  many  dimensionless  group¬ 
ings  will  appear  in  the  final  equations.  If  essential 
variables  are  omitted  the  final  equations  may  not  describe 
the  phenomenon  correctly.  The  problem  as  to  what  the 
neoessary  and  appropriate  variables  are  rests  basically 
on  the  following  factors. 

Obviously  one  requires  enough  knowledge  about  the 
problem  on  either  theoretical  or  experimental  grounds  to 
decide  which  variables  influence  the  phenomenon.  For 
example  if  the  appropriate  differential  equations  are  known 
one  can  immediately  determine  the  proper  variables.  Un- 
fortunately  a  successful  theoretical  model  is  unavailable 
at  this  time.  On  the  other  hand  the  experimentalist  has 
supplied  us  with  a  number  of  parameters  which  appear  to 
be  of  Importance  in  the  description  of  the  explosion 
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phenomenon.  These  are  listed  Ister. 

The  second  factor  to  be  considered  is  that  the  choice 
of  variables  and  the  test  of  their  importance  is  in  many 
instances  governed  by  expediency  (military,  economic,  ett)* 
If  say  variables  descriptive  of  the  soil  characteristics 
are  chosen  it  is  veil  to  keep  in  mind  that  experimental 
checks  as  to  their  importance  may  veil  be  impossible. 

Choice  of  test  sites  have  in  the  past  been  based  on  other 
considerations  than  appropriate  soil  conditions  [l2J  . 


In  the  choice  of  the  appropriate  parameters  we  hare 
been  guided  by  the  experiments  of  C.  V.  Lampson  [?]  and 
E.  8.  Doll  [4].  The  phenomenon  of  underground  explosion 
has  been  experimentally  described  in  terms  of  peak  values 
of  the  pressure  p[ML"^T"^],  the  Darticle  acceleration  a 
[LT"^] t  particle  velocity  v  [LT"'j  and  particle  displace¬ 
ment  d  [L]  .  Ve  must  restrict  ourselves  in  the  following 
to  positive  values  of  the  peak  parameters  since  by  theorem 
6.1,  the  Qj ' s  are  assumed  to  be  positive.  The  scaling  of 
a  complete  wave  profile  is  open  to  question.  The  param¬ 
eters  are  determined  as  functions  of  the  distance  r  [ L] 
from  the  center  of  the  explosion  and  the  time  t  [T] .  It 
is  found  that  the  phenomenon  ddpends  on  the  mass  of  the 
explosive  W  [M] ,  a  characteristic  speed  c  [LT"M  with 
which  a  signal  of  small  intensity  travels  through  the 
mediums  as  well  as  on  the  density  P  [ML"3]  of  the  ground 
It  has  furthermore  been  found  that  the  decay  of  say  the 
peak  quantities  depends  ultimately  on  the  depth  s[L]  of 
burial  of  the  explosive  below  the  surface.  Shallow  surface 
explosions  are  commonly  coupled  with  air  blast  effects. 

The  latter  despite  their  short  duration  are  of  consider¬ 
able  importance  since  they  introduce  undesirable  scale 
effects  [4],  An  additional  parameter  is  needed  to 
describe  the  effectiveness  g[M°L°T0]  of  the  blast  pro¬ 
ducer.  The  explosive  characteristics  have  been  rated  in 
the  past  with  T.N.T.  as  a  base.  It  is  open  to  question 
at  this  time  if  the  effectiveness  E  can  be  successfully 
correlated  with  the  physico-chemical  characteristics  of 
the  explosives. 


In  addition  to  the  above  ve  propoae  a  paraaeter  which 
we  feel  describes  in  many  respects  the  energy  degradation 
in  deep  underground  explosions.  Such  a  paraaeter  appears 
to  us  of  importance .since  it  should  characterise  the  aaxiaua 
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stresses  and  strains  which  might  arise  in  the  medium.  If 
for  example  a  large  portion  of  the  explosive  energy  is 
utilized  in  creating  a  cavity  or  fissures  in  the  soil,  the 
residual  stresses  in  the  soil  may  have  fallen  to  such 
small  values  that  the  medium  conceivably  exhibits  elastic 
characteristics.  (This  of  course  can  also  be  caused  by  a 
shallow  burial  explosion  in  which  an  appreciable  amount  of 
energy  spends  itself  in  air  blast  effects.)  On  the  other 
hand  if  the  medium  resists  the  creation  of  a  cavity  the 
residual  stresses  may  remain  large  enough  for  the  medium  to 
exhibit  plastic  characteristics.  An  appropriate  parameter 

Is  perhaps  the  mean  work  per  unit  volume  which 

is  needed  to  expand  the  shot  hole  to  a  final  state  of  rest. 

It  has  been  found,  in  an  analysis  of  the  cavitation  in 
which  spheres  were  fired  into  clays,  that  the  mean  work 
per  unit  volume  was  constant  over  a  wide  range  of  striking 
velocities  [6j.  This  seems  to  indicate  that  Q  represents  a 
characteristic  soil  parameter  which  is  apparently  independent 
■***•  of  the  intermediate  time  variation  of  the  shot  hole  radius. 

*1  Last  it  has  been  assumed  by  previous  investigators  that  the 
environment  of  the  experiment  (i.e.  the  air  and  earth)  is 
.  homogeneous.  In  the  case  of  air  this  is  a  valid  assumption 
but  for  the  earth  this  may  not  necessarily  be  the  case.  If 
V  local  soil  variations  exist  proper  account  of  these  must  be 
•v,  taken  in  modeling  of  experiments  [4], 


The  relationships  between  the  dimensionless  grouping 
. ;  are  readily  derived  from  the  above  considerations.  Con- 
'■/.**  aider  as  a  specific  example  the  following  functional  re- 
lationship. 


f(p, r,s, t,Q,E, l,c, /°)  -0 
The  dimensional  matrix  is 


(6.10) 


(1)  (2)  (3) 
p  r  s 


(4)  (50  (6)  (7)  (8)  (9: 

t  Q  E  W  c  /° 


M 


1 


L 


-1 


T 


2 


0  0 
1  1 
0  0 


0  10 
0-10 
1-2  0 


10  1 
01-3  (6.11) 
0-10 
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The  rank  of  the  matrix  la  three  and  tinea  there  are  nine 
variables ,  the  number  of  dimensionless  products  is  six* 

The  exponents  of  the  variables  which  form  the  dimension¬ 
less  products  are  the  solutions  of  the  following  set  of 
equations: 

xx  ♦  x^  ♦  x?  ♦  x^  =  0 

“xi  *  ju  ♦  X3  -  x^  ♦  xQ  -  3*9  =  °  (6.12) 

*2xl  ♦  ^  -  2x5  -  xg  =  0 

Solving  these  equations  for  x^,  xg  and  x^  there  results 

x7  =  *  *  x2  *  *  x3  *  *  *4 

x8  =  '  2*1  ♦  ^  *  2x5  <6. 13) 

With 

xl=  ^  *2  =  x3  =  \  =  *5  =  x6  =  0 

the  equations  6*13  yield 


With 

*2=1;  =  *3  =  *4  =  *5  =  *6  =  0 

these  results 

x7=  -  x8  =  °»  *9=  i- 

Continuing  this  process  one  can  construct  the  matrix  of 
the  solution  which  has  the  following  form 


-  ns  - 


V 
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(xx)  (Xg)  (X3)  (Xj^)  (x^)  (x^)  (x7)  (xg)  (x^) 

p  r  s  t  Q  B  w  c  z° 

TTj^  1  0  0  0  0  0  0  -?  -1 

TTg  OlOOOO  •  ^  j  * 

TT3  00100040*  (6.ifc) 

TT4  0  0  0  1  0  0  4  1  * 

TT^  0  0  0  0  1  0  0  -t  -1 

^  0  0  0  '  0  1000 

Ml 

The  dimensionless  products  srs  then 

••••»  TT,  -PC#)*2/0-1  TT,  =  <°*  c 

1  If 

':”'i  ^2  <°*  7 =0(c)“2  z0'1  (6.1$) 

*  • 

TT3  =  sW~*  <°*  TT^  =® 

According  to  theorea  5.  it  mere  results  consequently  a 
relationship  of  the  form 

MM 

»  r(-f)*  »  •(■£)*  *  w(£)*  «  ^5  *  *)  =0-  (6*l6) 

With 

'(•£■)  *=  x»  !  •(t)*  =  x»*  (6-17) 


and  assuming  the  possibility  of  solving  equation  6.l6  for 
the  group  (p/|®52)  we  obtain  for  the  peak  pressure 


(6.18) 


By  similar  argument*  one  obtains  the  general  functional 
equattems  for  the  positive  peak  values  of  the  particle 
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acceleration,  velocity  and  displacement : 


*  -  <a)2(^r)  «  (  >-r*«  >.*'  t5(lF)  '  ~^s 

t  = 5  h(\*'  t5(-£)  '  ~!tz  *  B) 


x»*'  «(f)  » • 


(6.1.9) 

(6.20) 

(6.21) 


The  appropriate  model  lavs  and  scale  factors  are  readily 
determined  from  equations  6.18  through  6.81. 

The  dimensionless  parameters  XR*  X8  have  been  used 

in  the  past  to  correlate  experimental  results.  These 

parameters  are  related  to  X  and  X  by  setting  0=1 

r#  s* 

in  the  latter  expressions.  The  correlation  of  experlswntal 
results  for  different  soils  is  undoubtedly  effected  by 
this  choice. 

Special  forms  of  the  general  functional  equations 
6.18  through  6.21  for  the  peak  parameter,  for  example 
polynomial  expressions  in  X  r,  have  been  used  in  corre¬ 
lating  experimental  data  for  both  deep  as  well  as  shallow 
underground  explosions  with  considerable  success  [7], [4]. 
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ABffBAOf 

The  complete  sat  of  partial  differential  equations  governing  the 
fleer  of  the  medium  behind  the  spherically  symmetrical  shock  front  hae 
been  reduced  by  Kirkwood  and  Brinkley  to  a  pair  of  ordinary  differential 
equations. 

One  of  the  most  obvious  difficulties  in  applying  the  Kirkwood- 
Brinkley  method  to  the  theory  of  underground  explosions,  as  outlined 
here,  is  that  the  radiation  effects  in  the  initial,  high-pressure  phase 
of  the  explosion  are  not  taken  into  account.  On  the  other  hand,  the 
aethod  has  the  advantage  of  providing  a  direct  attack  on  the  problem 
of  underground  explosions,  since  it  presupposes  only  data  #iich  are  ex- 
periasntally  measurable.  However,  it  should  bt  pointed  out  that  the 
effort  involved  in  the  actual  numerical  integration  of  the  two  Kirk- 
mood-Brinkley  differential  equationa  ia  trifling  compared  with  the 
effort  in  constructing  the  tables  for  the  Hugoniot  function  and  Kirk- 
wood-Brinkley  enthalpy 

Before  applying  t iu  method  to  an  earth  medium,  its  application 
to  air,  as  an  intermediary  step,  would  be  desirable.  In  this  way,  the 
solutions  could  be  compered  with  results  that  have  bean  carried  out 
by  other  methods,  and  also  serve  as  a  guide  in  developing  the  more 
complex  underground  case. 
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APPLICATION  OF  THE  KIRXiDOO-SEIlKLKX  METHOD 
TO  THE  THEORY  OF  UKSGBOUXD  EXPLOSIONS 


1.1  INTRODUCTION 

The  problem  of  predicting  the  sequence  of  event*  in  an  underground 
explosion  depends  ultimately  on  the  solution  of  the  partial  differenti¬ 
al  equations  of  hydrodynamics,  subject  not  only  to  proper  initial  con¬ 
ditions,  but  also  to  a  soring  boundary  constraint  represented  by  the 
Huguniot  conditions  at  the  shock  front  in  the  earth.  A  very  serious 
problem  arises  from  the  difficulty  in  writing  an  equation  of  state  far 
the  earth  medium.  On  the  basis  of  a  rough  pressure  density  curve  for 
earth  and  an  assumption  on  the  energy,  Griggs'-^ has  estimated  shock 
velocities  and  peak  pressures  in  an  underground  explosion  far  a  plane 
shock.  Unfortunately,  it  is  difficult  to  estimate  the  effects  of  the 
approximations  made,  and  the  method  does  not  admit  of  obvious  exten¬ 
sion  toward  greater  accuracy. 

1*2  Tig  PRKNOCD-SBINKLgY  DIFFERENTIAL  EQUATIONS 

The  ooaplete  set  of  partial  differential  equations  governing  the 
flow  of  the  medium  behind  the  shock  front  (of  planar,  cylindrical,  or 
spherical  symmetry)  has  been  reduced  by  Kirkwood  and  Brinkley'2'  to  a 
pair  of  ordinary  differential  aquations.  These  differential  equations 
(which  are  exact)  are,  in  the  caae  of  spherical  symmetry, 

g  =  -  J>  b2  £  “<p>  -  i  »(p)  >  U») 


f  =  -  B2  L(p)  , 


where  R,  the  radius  of  the  shock  front,  is  the  independent  variable. 

The  dependent  variable  p  is  the  overpressure  at  the  shock  front  (tbs 
pressure  in  excess  of  the  pressure  p©  of  the  undisturbed  medium).  The 
dependent  variable  D  is  a  quantity  such  that  a  non-vanishing  value  of 
its  gradient  implies  an  entropy  increment  of  the  medium  due  to  passage 
of  the  shock;  it  will  not  be  particularised  further  since  it  is  defined 
by  Eqa.  (1)  as  a  function  of  R.  The  functions  L(p),  M(p),  M(p)  are 
defined  by _ _ 

(1)  See  Project  1.9-2, JANGLE  Report  Series 

(2)  S.  R.  Brinkley,  Jr.  and  J.  G.  Kirkwood,  Phys.  Rev.  606  (1%7). 
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Up)  =  /•„  Up), 

(2s) 

M(p)  =  1  _JL_  » 

PD2  2(l+g)-G 

0 

(2b) 

N(p)  =  4 9  » 

2  (lag)-0 

(2c) 

in  which 


« *  1  -  5  %  •  (3) 


where  U  is  tbs  Telocity  of  the  rfiock  front ,  ft  is  the  a-  dty  of  the 
undisturbed  Medina,  /°  is  the  density  of  the  disturbed  aedlua  et  the 
shock  front,  c  is  the  sound  Telocity  [(•p/8/o)f]  &  of  the  disturbed 
aedivaa  et  the  rfsock  front,  «nd  h(p)  is  the  Kirkwood-Brl nkley  enthalpy 
change  (characterised  in  sore  detail  later).  The  quantities  L(p), 

M(p),  I(p)  can  be  expressed  as  functions  of  the  or erpr assure  p  in  the 
disturbed  aedlua  at  the  shock  front  by  Tirtue  of  the  Hugoniot  rela¬ 
tions  and  the  equation  of  ttate  of  the  aedlua.  The  qiantity])  is  defin¬ 
ed  by 


y,  A«,r)  (»,r)  u  '  (e,d  dr> 

Jn  r  n/B  n  /  D 


'0  p(R,o)  U  (R,o) 

where  the  reduced  tine  T  is 


(4) 


(5) 


r*-  iln  Jr2  (R,t)  p'(R,t)  u»  (R,t)l  •  [t-to  (R)J 

I#1  ^  JJ  .  _  .  .  . 


t  *  to  (R) 


in  which  r  is  the  Euler  coordinate  of  the  particles  ihich  axe  at  the 
shook  position  R  at  the  tine  t  -  tc(R),  p»  is  the  oTerpresture  (abore 
Pw)  and  u'  is  the  particle  Telocity  in  the  region  behind  the  shock 
front.  Note  that  the  denominator  of  the  integrand  in  Eq.  (4)  is  sinply 
the  peek  Talus  (at  the  shock  front)  of  numerator. 

The  integrand  of  j)  in  Eq.  (4)  involves  quantities  (indicated  by 
prims)  evaluated  in  the  region  behind  the  shock  front,  and  thus])  can¬ 
not  be  determined  without  a  knowledge  of  flow  conditions  behind  the 
shock.  The^irkwood-Brinklsy  approximation  (ss  distinct  fros  the 
Klrkwood-Brlnkley  equations  (1)) consists  in  assuwing  that  this  inte¬ 
grand  is  a  function  only  of  T  .  Explicitly,  if  the  integrand  is  taken 
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as  «" r  ,  one  has  V  *  1.  An  empirical  valus  of  slightly  wider  applica¬ 
bility  is  V  s  1  -  exp  Cp f  / p  )  •  Ihis  approxiaation  constitutss  a 
similarity  assumption,  which,  makes  Sis*  (l)  depend  only  on  quantities 
evaluated  at  the  shock  front. 

Equations  (1)  contain  p  and  D  as  dependent  variables,  with  tbs 
radius  R  of  the  shock  front  as  independent  variable.  To  integrate 
these  equations  for  a  general  medium,  one  must  express  tbs  two  ancill¬ 
ary’  variables  v  (  Ml/*- specific  volume)  end  h  ee  functions,  v  (p)  end 
b(p)  respectively,  of  p.  Thus  one  must  have* 

(a)  Tbs  equation  of  state  for  the  medium. 

(b)  The  Hugoniot  function  for  the  medium,  which  fixes  the 
specific  volvass  v(p)  at  the  shock  front* 

(c)  The  Kir  kwo od-Brl nkley  enthalpy  function  h(p),  which  appears 
explicitly  in  lq.  (2a). 

The  Hugoniot  condition  is  obtained  from  the  conservation  conditions  at 
the  kiock  front  and  Is 

H(p,t)  =  e(p,v)  -  e(p0,v)  +  (v-^  p*f  *>  :  0  (6) 


where  e  is  the  specific  internal  energy  of  the  disturbed  median  at  the 
shock  front  and  aero  eubscrips  refer  to  the  undisturbed  medium*  To 
fix  v  •  v(p)  from  the  Hugoniot  condition,  it  is  necessary  to  know  tho 
specific  internal  energy  e  ee  a  function  of  pressure  and  specific  vol¬ 
ume*  Since  e  is  a  function  of  two  independent  statm-eoordlnetee,  in 
general,  its  tabulation  requires  a  two-argument  table  (that  is,  a  bock). 
The  relation  e  a  e(p,v)  amounts  to  an  equation  of  state.  Mote  that  the 
Hugoniot  condition  ie  likewise  essential  to  qpeeify  the  quantity 
[(3p/  9/°)sJ^  (which  appears  explicitly  in  G  of  lq*  (3))  as  a  function 
of  p.  To  specify  the  Kirkwood-Brinklsy  enthalpy  function  h(p) ,  consid¬ 
er  Figure  1.  The  (irreversible)  shock  front  movee  the  initial  state- 
point  (po,vc)  of  the  medium  up  the  Hugoniot  curve  to  the  point  (p,v). 
After  the  shock  has  passed,  the  medium  undergoes  an  adiabatic  expan¬ 
sion  from  the  point  (p,v),  ultimately  reaching  the  initial  pressure 
Po  at  the  point  (po,vf).  The  Kirkwood-Brl nkley  enthalpy  function 
h(p)  is  defined  as  the  enthalpy  increment  in  going  from  the  point 
(po,v0)  to  the  point  (p©,  vf(p)).  This  function  can  be  written  as  the 
integral 

h(p)  =  /“VP^ 

/  cp(Po,T)  <**  (7) 

*o 


where  cp  ia  th#  specific  heat  at  constant  pressure  and  T  ie  absolute 
temperature.  Alternatively,  one  can  write  from  Figure  2, 
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T  (p0,3)  dS 


(8) 


whore  8  la  the  entropy  and  Sj  la  its  final  value  after  ths  adiabatic 
expansion.  The  most  convenient  method  of  eoapatiog  h(p)  reaeLa*  to 
be  determined,  and  it  seems  wrth  idxile  to  explore  otter  posoiMlitiss 
baa id—  thoaa  glean. 

The  thermodynamic  data  to  determine  the  Hugoniot  function  and  the 
Kirkwood-Brlnkley  enthalpy  function  for  an  earth  nediom  can  be  obtained 

fr0*  /q\ 

Maaaur— nta  of  Brldgewan  and  otherew/  on  coaqpraaaibilitiaa 

and  axpaneion  oo efficient ■  for  various  minerals,  extending  up 
to  a  pressure  range  of  about  10*  bare  and  covering  a  restrict¬ 
ed  range  of  taaperature.  . 

The  theory  of  a  Parai  gas^'  applied  to  material  under  high 
cowureseion  (over  about  10?  bare). 

The  region  10*  -  10'  bare,  not  covered  by  the  sources  of  data  above, 
can  at  preeedt  be  determined  only  by  reasonable  interpolation.  However, 
reoent  diecueaions  with  Profeeeor  P.  M.  More#  have  indicated  some 
promise  of  extending  the  Permi-Thoaae  theory  down  to  this  range  of 


<•) 


(b) 


The  various  Methods  of  handling  the  initial  conditions  on  the 
solution  include  (in  order  of  probable  usefulness): 

(a)  Taylor « a  similarity  solution^  5) . 

(b)  I  so  baric  sphere  behind  shock  front  at  an  initial  tins. 

(c)  Point  source  solution  (i.e.  not  of  similarity  type). 


1.3 


OJLTIES  IN  APPLYIHG  THE  METHOD 


It  remains  to  point  out  soma  obvious  difficulties  in  applying  the 
Xlrkwood-Brinkley  method  to  the  theory  of  an  underground  explosion,  it 
outlined  here,  the  net  hod  takes  no  account  of  radiation  effects^'  in 
the  initial,  high-preaeure  phase  of  the  explosion.  At  \  '•rteraediate 
pressures,  the  possibility  of  plastic  deformation  and  phase  transi¬ 
tion s  in  ths  earth  medium  causes  complications  whoss  effect  is  dif¬ 
ficult  to  assess.  At  leer  pressures,  ths  method  presupposes  a  simple 
and  adequate  equation  of  state  for  an  earth  medium. 

Before  applying  the  wetted  to  an  earth  medium,  it  eould  be  desir¬ 
ably  probably,  to  apply  it  to  air.  In  ths  case  of  air,  the  neoessary 
tables'  '  over  much  of  the  requisite  range  are  already  aval lable. 
Although  teoek  calculations  for  air  have  been  carried  out  by  other 
methods,  application  of  ths  Kirkwood- Brinkley  method  to  air  ia  of  con¬ 
siderable  interest,  not  only  as  a  check  but  also  as  a  guide  in  the  eore 
complex  underground  case. 

(5J  through  (7)  next  page. 
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(6)  Stanford  Research  Institute,  Technical  Report  No.  1,  Contract 
N7onr32104  (and  Memorandum*  Estimate  of  Revisions  of  Technical  Re¬ 
port  No.  1)  Dec.  15,  1950  (SECHET-ABC  RESTRICTED  DATA). 

(7)  J.  0.  Hirschfelder  and  J.  L.  Magee,  Report  MDDC-590,  U.  S.  Atonic 
Energy  Comnission  (Declassified,  January  1,  1947). 

1.4  ADVANTAGE  OF  KIRKWOOD-E iUNKLEI  METHOD 

The  Kirkwood-Brlnkley  method  has  the  advantage  of  providing  a  direct 
attack  on  the  problem  of  underground  explosions.  It  pre-supposee  only 
data  which  are  experimentally  measurable,  and  its  procedure  is  independ¬ 
ent  of  analytical  artifice  for  its  execution.  Hcsrever,  a  salient  feature 
of  the  method  should  be  emphasized.  The  labor  involved  in  the  actual  nu¬ 
merical  integration  of  Eqs.  (1)  is  trifling  compared  with  that  of  con¬ 
structing  the  tables  for  the  Hugoniot  function  and  Kirkwood-Brlnkley  en¬ 
thalpy.  As  pointed  out,  one  requires  a  book  of  tables  (a  two- argument 
table)  to  determine  the  Hugoniot  function,  and  at  least  a  single  table  to 
determine  h(p).  Furthermore,  no  solutions  of  the  hydrodynamic  equations 
are  available  until  the  tables  are  completed.  This  feature  of  the  method 
is  a  handicap  in  applying  it  to  a  medium’  (such  as  earth)  for  which  relia¬ 
ble  asymptotic  or  approximate  solutions  are  not  (as  yet)  available.  It 
should  be  noted,  of  course,  that  the  need  for  these  thermodynamic  tables 
is  not  peculiar  to  the  Kirkwoo d-Brink ley  integration  scheme,  since  all 
integration  methods  require  essentially  the  same  thermo  dynamic  data.  It 
similarity  solutions,  for  example,  the  role  of  the  tables  is  taken  by  a 
suitable  approximation  for  Y  (specific  heat  ratio). 
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The  concepts  seployed  in  this  report  originated  with  Dr.  Eduard 
Teller.  Ml«  he  should  not  be  held  responsible  far  the  whole  treat¬ 
ment,  he  has  aided  materially  in  its  execution. 
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ABSTRACT 


A  crude  first  order  theory  is  applied  to  derive  the  chock  condi¬ 
tions  resulting  fro*  «  point  energy  source  in  an  infinite  homogeneous 
■edits  having  characteristics  sinil&r  to  soils.  Approximate  pressure- 
distance-tijM  values  are  determined.  Some  coaparisons  are  nade  be¬ 
tween  tbs  effects  of  surface  and  shallow  underground  bursts. 
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1.1  INTBDIXJCTXCM 

The  chief  ala  is  to  derive  approximate  values  for  ths  ground 
offsets  resulting  fro*  surface  ts.  shallow  bursts.  It  semes  dear  that 
ths  key  to  this  question  lies  in  ths  early  history  of  the  explosion 
when  the  propagation  in  the  earth  is  in  the  fom  of  an  intense  shock 
sere. 


It  is  concluded  that  a  surface  burst  dll  produce  about  the  saae 
earth  disturbance  as  a  shallow  burst  (scaled  to  50  feet  burial  for  25 
KT)  of  approximately  one-tenth  the  energy  release. 

1.2  APPRTXmm  SHOCK  COKHTIOHS  IN  A  EBP  BURST 

For  a  short  time  after  a  deep  underground  nudtar  explosion  the 
energy  will  be  propagated  outward  as  a  true  shock  wne,  since  the  energy 
of  compression  far  exceeds  the  energy  of  distortion*  The  character¬ 
istics  of  this  shock  vase  propagation  can  be  derived  approximately  from 
the  Hugoniot  conditions,  the  equation  of  state  of  Feynman,  Metropolis, 
and  Teller  for  higiest  pressures,  and  oonprsssibility  measurements  in 
the  intermediate  pressure  range. 


Ths  Hugooiot  conditions  for  ooneervatiom  of  mass  tpi-  mnmsotim 
Truss  ths  shock  fmnt  MV  ha  4*  11  neri  nir  t>v  Am  ■ 

strong  shocks  ^  x  _  ******  (i)  mu  r*#» 


where*  v©  *  s 
disturbed  dens 
shock  front,  X 
«h«*k. 


Equation  (2)  should  reedt 


The  four  line*  follesrln*  Equation  (2)  ahould  paadi 

efcerei  t0  •  shock  velocity,  f  s  peak  ppsssure  in  th«  shock, 
pQ  s  undisturbed  density  of  the  earth.  Pi  s  density  iasedlate- 
iy  behind  the  shock  front,  AE  *  Internal  eoar* jr  iaorwwnt  P«r 
unit  iiass  across  the  shock* 


Feynsan,  Metropolis,  and  Teller’  e  calculations  for  the  appropriate 
atomic  weight,  .Bridgman’ a  data  on  compressibility,  and  rough  estliutes 
on  the  compaction  of  typical  soil  In  the  low  pressure  range  yield  a 
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relationship  between  density  and  pressure  which  is  plotted  in  Pig.  1. 
Pro*  this  and  equation  (1)  the  shock  velocity  say  be  derived  as  a 
function  of  pressure*  This  is  plotted  in  Fig.  2.  In  the  pressure 
range  of  about  100  to  1000  bars,  the  4»ck  will  be  transformed  into  a 
distortions!  "earth  pressure  wave*  of  the  type  observed  by  Laapeon. 
This  transition  is  indicated  very  roughly  by  the  dashed  1  ns  on  Pig. 

2*  the  undisturbed  soil  density  is  assumed  to  be  1.6.  Por  other 
Initial  densities,  the  telocity  of  m  intense  abode  will  vary  as 

Btt  tfwak  velsoMr  jpresnre  is  set  ssmS- 

ttve  to  the  fn  rf  the  fee.  ftolatUa,  ee  Wat  «be  rm+ 
eane  tf  lif.  I 

The  shosk  velocity  ••  s  fanctiea  of  radius  for  a  deep  burst  near 
be  obtained  to  a  rough  tppraadnation  froa  the  above  and  equation  (2) 
by  assuming  that  the  emrgy  per  unit  mass  is  constant  within  the  shock 
front  and  that  the  total  energy  1st 

where  7  is  fie  volume  inside  the  dtoek  front.  Shock  velocity  is 
plotted  vs.  radius  for  a  1.25  XT  Aot  in  Pig.  3.  Integrating  graphi¬ 
cally,  shock  radius  as  a  function  of  tine  is  obtained  and  plotted  in 
Pig.  4  (lower  curve).  Por  comparison,  the  shock  radius  of  a  similar 
shot  in  air  is  plotted  (upper  curve)  scaled  from  data  on  the  SANDSTONE 
X-ray  shot. 


1.3  OCMFAFISOS  OP  saRFACE  AND  SHALLOW  BURSTS 


The  propagation  of  a  shock  from  a  point  source  explosion  at  the 
earth-air  interface  may  be  derived  to  a  rough  approximation  by  assum¬ 
ing  that  the  pressure  is  constant  within  the  shock  front.  The  initi¬ 
al  condition  for  shock  propagation  may  be  taken  as  the  end  of  the  phaae 
of  predominant  propagation  by  radiative  transport.  At  this  time  the 
radius  of  the  shock  front  in  air  is  approximately  5  meters,  while  the 
penetration  into  the  ground  will  be  negligible  due  to  the  high  opacity 
of  the  soil  and  the  comparatively  slew  velocity  of  shock  propagation. 
From  this  time  until  the  pressure  in  the  soil  drops  sufficiently  so 
that  propagation  of  energy  occurs  by  the  distortional  plastic  wave, 
the  shock  velocity  in  air  remains  much  higher  than  that  in  ground. 

The  pressure  versus  radius  in  air  may  then  be  approximated  by  Taylor’s 
expression: 
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Tbs  velocities  in  air,  in  ground,  and  t hair  ratio  art  giTtn  in  Table  1 
aa  a  function  of  radius  for  a  1.25  KT  burst. 


TABLE  1 

Talocitias  As  A  function  of  Radius 


t"-"  1  . . .  . . . . . : .  .  1 

r 

P 

▼ 

▼ 

▼ 

a 

f 

a 

(waters ) 

(ata.) 

(kn/sec) 

(W»~) 

T« 

5 

1.3x10* 

no 

4.0 

27 

10 

1.6xl04 

39 

1.5 

26 

15 

.UBxlcf* 

21 

0.14 

25 

20 

.2Qxl04 

14 

0.56 

25 

30 

6.Qxl02 

7.5 

0.3 

25 

Yt  is  calculated  from  ths  Bugoniot  aquations  for  an  idaal  gas  uith 
T  s  l«4j  rg  i.  **ala trm  Fl|.  2.  ^ 

Ths  ratio  of  ths  rata  of  doing  uork  on  tbs  air  and  on  tha  ground 
*•*  S nuuk.,  /9s 5  -  9+6\\.: 


This  ratio  is  nearly  constant  at  50:1  out  to  tha  point  at  Aieh  tha 
propagation  in  earth  is  dlstortional  in  character*  From  this  point  on, 
ths  affect  on  ths  earth  pressure  ware  of  the  thou,  vara  in  tha  air 
will  be  snail  since  it  will  act  only  to  prolong  slightly  ths  duration 
of  the  strain  impulse.  This  reasoning  then  laplies  that  the  energy  in 
tha  earth  pressure  ware  from  a  surface  burst  will  be  about  2  per  cant 
of  that  from  e  deep  source  cf  ths  saott  energy  release.  This  is  to  be 
compared  with  about  20  per  cent  for  a  surface  vs.  deep  TIT  explosion. 

A  1.25  KT  explosion  at  a  depth  greater  than  3  meters  will  produce 
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•ffNti  similar  to  an  equally  energetic  TUT  explosion  at  the  hm  depth. 
The  only  i^ortant  difference  would  appaar  to  ba  the  haat  energy  left 
la  ilia  Initially  vaporised  aarth  whan  it  hao  axpandad  to  atmospheric 
pee  eagre.  Sloe  a  the  surface  of  the  aarth  will  ba  breeched  while  the 
shock  wavs  is  still  Intense,  tfca  anargy  coupled  to  the  ground  will  de¬ 
pend  on  the  loee  of  mergy  to  the  air  rather  than  on  the  initial  char¬ 
acter  of  the  source.  It  le  est lasted  that  tone  20  per  cent  of  the 
nuclear  energy  will  ba  wetted  in  a  shallow  burst,  as  ooeparad  to  an 
equally  energetic  HT  exploeion. 

Doing  Laepaon1  s  coupling  factor  a a  a  measure  of  ths  energy  coupled 
to  the  ground,  «td  the  abort  correction,  a  1.2$  KT  shot  bur*  sd  18  ft. 
would  produce  about  2$  par  cent  as  energetic  an  earth  pressure  ware  as 
e  deep  1.2$  R  shot.  The  surface  shot  ia  thus  estimated  to  be  roughly 
one  tenth  ae  efficient  in  ooupiing  energy  to  the  ground  ae  a  shot  at  a 
aaale  depth  ef  U  ft.  R  er  $0  ft.  for  25  R. 


Idle  radios  of 

- — at.  The  hast  t n  **jm  toll  is  apprad- 

«w»..  aaa  to  amt  «0  SU/p.  hi  *  3000  Is  3000  cal./ 
a  realms  af  3  ottes**  and  400  oal./pu  at  W  aurora.  It  thua 
,  _  that  in  the  rtglfdi  dot,  buried  5*6  maters,  an  incandescent 
shell  will  Just  breech  the  surface.  s~***,f3  - 


It  seees  certain  that  both  underground  Shots  will  produce  suffici¬ 
ently  dense  clouds  to  settle  after  a  snail  initial  riaa,  producing  a 
"bass  surge."  The  height  of  rise  will  be  aoaewhat  leas,  and  the  rata 
of  settling  somewhat  larger  than  for  an  equivalent  TNT  shot,  due  to 
the  greater  density  of  ths  final  products  in  the  nuclear  case. 


In  ths  surface  Shot  on  the  other  hand,  since  96  per  cent  of  the 
energy  ia  q?ent  on  tbs  air,  one  would  expect  the  history  of  ths  cloud 
to  be  not  greatly  different  Iron  a  tower  shot.  Ths  material  ejected 
from  ths  crater,  however,  will  largely  settle  to  ths  ground,  end  it 
may  be  expected  to  carry  some  5-10  per  cent  of  the  fission  products. 
The  history  of  these  fragments  is  not  obvious  to  me  because  of  ths 
complications  of  ths  afterwind  associated  with  the  rising  hot  air  mass. 
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Figure  1  Relation  Between  Density  and  Pressure  in  a  Typioal  Soil 
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Figurs  2  Shook  Velocity  as  a  Function  of  freaaure 
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11m  taxi  of  this  report  la  substantially  that  of  Teehnieal  Report 
So.  4,  ■Predictions  -  0  Toot  -  Operation  JAMH2,"  by  V.  Selecn,  Koran 
bor  8,  1951,  prepared  under  Office  of  Moral  Research  Contract  K7cnr- 
52104*  The  substance  of  the  preeent  report  dif fere  from  the  f orner  one 
by  the  addition  of  notorial  need  daring  on  oral  presentation  at  a  pro¬ 
tect  sywpoeiun  at  Mercury,  Berada,  on  27  Koranber  1951* 

The  results  are  presented  with  a  dal—  aaoont  of  the  aaalyses 
fay  which  they  rare  dsreloped.  i  such  nore  detailed,  general,  and  com¬ 
plete  report  on  phenonena  associated  with  undergronad  neclear  explo¬ 
sions  is  la  preparation  and  will  include  a  comparison  with  such  results 
as  are  arailable* 
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Eesulte  of  an  analytical  treatment,  together  with  condone ed 
itttwBti  of  assumptions,  are  presented  with  a  nlninat  of  analytical 
detail*  for  the  eechairl  cal  phenomena  ensuing  from  the  underground 
detonation  of  a  nuclear  weapon.  Condition*  hare  bean  idealised  by 
assuming  the  instantaneous  release  of  1  KT  of  energy  (TUT  equivalent) 
in  a  very  small  roloae  and  in  a  dry  silica  soil.  A  Modified  form  of 
Bathe*  s  small  (T  -  1)  theory  is  used  to  obtain  rough  numerical  estimates 
of  pressures,  temperatures,  velocities,  and  dimensions  associated  with 
the  breakaway  bubble,  wave  phenomena  in  the  earth,  venting  of  earth 
gas,  air-blast  energy,  height  of  atomic  cloud,  throwout  velocity, 
breakup  of  surface  targets,  return  of  throwout,  end  energy  partition. 
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CHAPTER  1 

lmasaiai 


1.1  80QP1  OT  3TCTX 

A  general  study  has  been  made  of  underground  nuclear  explosions 
by  tracing  the  phenomena  from  their  very  early  stage*  out  to  the  final 
effects*  This  report  presents  the  predictions  resulting  when  the 
analysis  is  applied  to  the  Underground  Test  of  Operation  JAHQX£.  In 
addition,  the  values  obtained  are  coopered,  whenever  possible,  with 
results  obtained  from  other  analyses  or  from  extrapolation  of  data 
frat  HE  explosions.  Confidence  limits  for  the  results  are  not  known; 
a  two-to-one  uncertainty  is  not  out  of  the  question*  The  analysis 
should  be  considered  an  introductory  guide  to  the  phenomena,  which  may 
be  studied  more  carefully  when  sufficient  experimental  data  became 
available.  This  study  embraces  mechanical  phenomena  only;  thermal  and 
nuclear  radiation  are  not  considered* 

The  explosion  phenomena  are  considered  under  six  headings: 

1*  Breakaway  of  pressure  wave  from  gas  bubble. 

2.  Transmission  (wave)  phenomena. 

3*  Venting  of  gases. 

4*  Throwout  and  missiles* 

5*  Return  to  earth  of  material  thrown  out. 

6.  Energy  partition. 


i*2  aa  .caapmoss  ms 


The  nuclear  explosion  is  assumed  to  have  a  total  energy  release 
of  4*2  x  10^9  ergs,  equivalent  to  that  from  one  kiloton  cf  TNT.  Of 
this  energy,  15  per  cent  is  assumed  to  be  in  delayed  radioactivity  not 
available  for  prompt  mechanical  effects.  The  gadget  is  idealised  to 
a  source  of  energy  sufficiently  small  so  that  point  source  theory  may 
be  used.  The  effective  center  of  the  explosion  is  taken  at  17  feet 
below  the  surface  of  a  sandy  soil,  which  is  assumed  homogeneous  for 
the  moot  part  *  The  soil  is  assumed  to  have  a  porosity  of  30  per  cent 
and  to  be  25  per  cent  saturated.  The  solid  constituent  is  assumed  to 
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be  uholly  sllioe  of  voidless  density  166  lb/ft^.  At  depths  bale*  ID 
foot  ths  salt  weight  of  coil  la  taksn  as  110  lb/ft3,  with  a  aolaolc 
velocity  of  5000  fpe.  For  puxpoeeo  of  predicting  certain  anoaalles 
expected  io  the  fro#  -oorth  phmc— m,  a  aolaolc  velocity  of  4500  fpe 
la  isswort  to  exist  bolov  a  depth  of  100  foot. 

For  cloud  rlao  calculations,  tho  average  cloud  altitude  above  sea 
level  la  taken  a a  10,000  foot,  and  tho  characteristics  of  the  OS  Stand¬ 
ard  itaosphsrs  axe  evaluated  at  that  altitude. 
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2.1  ffiMtfAi 

Hhaa  the  energy  nlMMd  by  the  naclssr  detonation  mdm  the 
•nrth  surrounding  the  wtpfla,  the  energy  deneity  is  so  (rsst  that  tbs 
ssxtb  is  quickly  converted  to  *  highly  energetic  mixture  of  nuclear 
particles ,  ions,  stats,  and  photons.  At  this  stags  particle  and 
radiation  actions  and  interactions  are  inelastic  in  the  sense  that 
the  boundary  containing  the  energy  gross  by  convert  inf  the  solid  Mate¬ 
rial  exterior  to  it  to  acre  particles  of  the  sane  type,  father  than  by 
outward  radial  notion  of  single  particles.  The  aaterial  within  the 
boundary  will  be  called  earth  gas.  Eventually,  however,  the  energy 
density  falls  so  noch  that  elastic  inpacts  appear,  bacons  wore  mor¬ 
ons,  and  finally  predeninate.  Scnewhere  in  this  process  the  snrromd- 
lng  earth  ie  finally  able  to  trsnsnlt  elastic  wave  signals  faster  than 
the  boundary  grows  by  — igm«ng  aaterial.  At  this  stags  the  pressure 
wave  breaks  away  fraa  and  outran  the  earth-gas  babble,  which  frai 
then  on  grows  principally  by  the  outward  notion  of  the  particles  in 
its  boundary  • 

As  used  here,  breakaway  Is  arbitrarily  defined  by  the  conditions 
for  which  50  per  cent  of  the  oogrgan  atone  are  singly  ionised.  The 
precise  conditions  nay  be  evaluated  by  a  codified  application  of 
Bathe*  s  snail  (Y  -  l)  theory.  Here  1  is  the  exponent  in  the  equation 
of  state  of  earth  gaw. 


<f>Y 

*o 


(1) 


The  results  of  this  analysis,  when  applied  to  the  test  in  question, 
depend  on  the  energy  release  appearing  as  radioactivity.  Since  this 
represents  energy  not  prenptly  available  for  nee  haul  cal  effects,  it 
is  subtracted  free  the  total  release  to  give  the  energy  with  which  we 
are  concerned.  In  the  absence  of  a  ccnplete  evaluation  of  ORHOTCOSK 
data,  the  pronpt  (nechanical)  energy  has  been  taken  as  the  earlier 
figure  of  85  per  cent  of  the  total  release. 
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The  analysis  than  predicts  the  following  paraastsra  of  the  gas 
bubble  at  breakaway: 

y  ■  1.64 

Temperature  Tb  •  220,000°  K 
Pws««  pb  -  3.2  x  1C?  pal 
Relative  density  at  boundary  p/p  4.1 
Shock  velocity  0^  *  1.3  x  10'  fpa 
Material  ralocity  u^  1.0  x  10^  fpa 
Tlaa  to  roach  breakaway  ■  12^a 
Haight  of  aarth  \  •  5.6  tecs 
Badios  of  bubble  ■  2. 9  ft 

There  is  reason  to  believe  that  this  calcelated  preasera  is  high 
and  the  breakaway  radios  low.  The  analysis  implicitly  » ansae  that  the 
else  and  weight  of  earth  affected  is  eosaldarably  greater  than  that  of 
the  gadget.  It  is  probable  that  this  assertion  will  set  be  valid  at 
this  epoch. 

The  raise  of  t.  is  obtained  frow  the  Meuwern  Pnrhe  Taylor  relation 
for  point  explosions. 

It  is  of  interest  that  at  breakaway,  radiation  comprises  about 
0.001  per  cent  of  the  energy  released.  Its  iqwrtance  as  an  energy 
transport  weehanisa  at  breakaway  is  greater  than  this  raise  indicates, 
and  say  be  est lasted  by  the  following,  isswee  the  t  f  raters  at 
breakaway  to  rewain  constant  for  the  ensuing  0.1  Billisecond.  Using 
2700  ealorles/ffi  as  the  energy  to  raporise  (under  ordinary  conditions) 
earth  team  the  solid,  calculate  the  engnl  fnent  increase  in  radius  fron 
the  radiation  flux;  the  value  turns  out  to  be  one  foot.  However,  in 
the  saws  tins,  the  naterial  velocity  would  have  advanced  the  radius 
10  feet.  Hence  it  is  seen  that  radiation  transport  in  the  earth  is  not 
too  Important  after  breakaway. 


2.2  TOfUSMTSSTMi  PU1 


We  are  here  concerned  with  the  pressure  in  the  true  earth  shock 
leaving  the  bubble  of  earth  gas,  and  its  subsequent  decay.  A  subsid¬ 
iary  result  is  a  theory  of  crater  formation  founded  on  Westergaard*s 
ideas. 
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It  la  first  MCMMI7  to  for*  a  rough  09001100  of  state  for  highly 

CONpTOOlrOd  SOlth.  In  tbo  Tftlt  fOI*  tMo  lo 


<f>Y 

Ko 


(2) 


Dm  npownt  y  ami  tbo  internal  prooooro  p4  ham  boon  estimated 
In  tbo  following  manor.  Oospore  tbo  loontropie  and  isothermal  oqm 
ticna  of  atato  for  mtor.  Proa  Brldgaan's  data  on  tbo  coaquresaiblllty 
of  oobotaneoo  sinUax  to  highly  ecopreesed  earth  cooatitmnto  (silica, 
glnaa,  rock),  form  an  Isothermal  oqoaticn  of  otato.  A a—a  that  tbo 
loontropie  constants  for  tbo  oolida  aro  rolatod  to  tbo  isothermal  oooa 
in  the  ooao  ratio*  aa  for  aeter*  This  gives  aa  eatinatee 

p*  •  19,000  poi 

(3) 

T  ■  84 

Tbo  high  mine  of  y  eorroapanda  to  tbo  high  inccnpressibility  of  earth, 
once  tbo  mida  ham  boon  raarad.  These  conatanta  gim  a  oeiaade  Te¬ 
locity  of  scat  6700  fps;  for  sandstone  tbo  mlocity  lies  between  4600 
and  14,000  fps.  This  indicates  that  tbo  ralnes  for  tbo  constants  p« 
and  y  aro  not  too  mroaaonabl*. 

From  this  equation  of  state,  and  assuring  continrity  of  pressure 
and  natorial  mlodty,  tbo  pressure  in  tbo  shock  dollmred  to  tbo 
earth  at  breakaway  can  bo  calculated.  It  turns  out  to  bo  6.4  x  10® 
pal.  It  is  also  of  interest  that  since  tbo  earth  is  stiffer  than  the 
earth  gas,  at  breakaway  a  positim  prossuro  pulse  goes  radially  back- 
wards  into  tbo  gas  bubble.  Alnost  ccwplet*  reflection  obtains,  indi¬ 
cating  the  "Hriawstch"  between  source  (gas  bubble)  and  load  (the  earth). 
La  fact,  tbo  shock-acoustic  iapodanco  po0  in  oarth  is  about  nine  tines 
that  in  the  gas  bubble  at  breakaway. 

The  initial  oarth  shock  is  asswaod  to  decay  according  to  ieotber- 
aal  sphere  explosion  theory  until  tbo  "TIT  radius"  of  17  feet  has  bows 
reached.  Then  a  l/r^  law  is  Joined  on,  yielding  an  expression  for  tbo 
peak  pressure 

P  «  .lLaJfiL  (p,if  ft)  (4) 

Rote  that  the  early  infinite- earth  shock  pressure  has  been  identified 
with  the  later  peak  of  a  warn  form  degenerated  by  reflection,  hyster¬ 
esis,  and  plastic  flow  effects.  If  the  earth  pressure  results  from 
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the  HE-2  test  art  corrected  for  cage  depths  sod  are  extrapolated  to 
a  one  kHoton  explosion,  there  resalts 

P  •  "i~Sr3g9'  (J»*.  ft)  (5) 

This  is  about  one-eighth  the  pressor*  predicted  free  nuclear  consid¬ 
erations,  and  nay  indicate  the  effect  of  the  reflections  which  were 
neglected  in  that  analysis.  The  pressures  are  expected  to  lie  closer 
to  the  raises  extrapolated  from  the  HE-2  test  than  to  those  predicted 
fron  the  breakaway  analysis.  This  tends  to  confirm  the  suspicion  that 
the  above  breakaway  parameters,  computed  fron  Bathe* s  anil  (y  -  1) 
theory,  ere  somewhat  too  energetic. 

Sxpressions  bare  bean  obtained  for  the  coapreseional,  kinetic,  and 
plastic-flow  energy  per  unit  volume  in  the  pressure  shock  wave.  These 
are  respectively 

-i]  ),  («) 

P  p  1 

*k  *  2  4  Y  "  1  J  »  (T) 

•p  *  3^  ^  *  **  3l{l-  v  )  *  * 


In  Equation  8,  T  is  the  dynamic  compressive  yield  stress,  E  is  Young's 
modulus,  and  v  is  Poisson's  ratio  for  earth. 

When  the  pressure-distance  relation  (5)  and  the  parameters  of  (3) 
are  substituted,  it  turns  out  that  p  *  p .  at  r  *  46  feet,  and  that  at 
this  distance  the  compressional  energy  density  is  only  seven  per  cent 
below  the  kinetic.  At  lower  pressures  they  approximate  pV2y?. ,  until 
at  about  130  feet  both  are  equal  to  the  plastic  flow  energy  density  of 
about  5  x  10P  erg/ft’  for  JASGLE  soil.  These  calculations  are 


*  Superscript  numbers  refer  to  .eferences  given  in  the  Bibliography  at 
the  end  of  the  report. 
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uncertain  to  the  extent  that  the  preesure  law  the  effect  of  high 
pressure  on  earth  "viscoeity*  are  xmkncwn.  The  latter  In  particular 
is  questionable,  since  it  is  known,  for  sxawpie,  that  at  extrsnely 
hl^k  pressures,  lubricating  oil  has  practically  the  riscosity  of  copper 
at  ordinary  conditions.  Hence  plastic  flow  will  probably  use  aore 
energy  than  anticipated,  especially  near  the  charge. 

At  p  ■  pA,  at  r  •  46  feet,  the  predicted  earth  shock  velocity  is 
8200  fpe.  Thus  the  seisadc  regiat  exists  throughout  the  region  in 
which  neasureswmts  are  poesible. 

An  apprcxinate  theory  of  cratering  has  been  developed,  based  on 
Vestergsard's  ideas  of  the  tension  wave  resulting  fron  the  reflection 
of  a  pressure  wave  at  the  surface  of  the  earth.  It  is  assuned  that 
the  boundary  of  tbs  real  crater  is  the  locus  of  points  for  which  the 
peak  Magnitude  of  the  tension  wave  is  equal  to  the  sun  of  the  dynanlc 
tensile  strength  of  earth  plus  the  geostatic  pressure.  The  relation 
is 


{r2  ♦  (h  ♦  *?}  2  {pt  ♦  pgs}  -  A,  (9) 

where  r  and  z  are  the  boundary  coordinates,  h  is  the  depth  of  charge, 
Pt  is  the  tensile  strength  of  earth,  p  is  the  density  of  earth,  and 
the  constants  n  and  A  arise  from  the  pressure  relation  p  *  l/r®. 

Owing  to  the  disturbance  created  by  the  wave,  it  is  probably  a  good 
appradnatlon  to  assuee  that  the  earth  within  the  crater  has  been  so 
decohered  that  it  acts  as  a  viscous  liquid.  This  partially  justifies 
the  use  of  the  geoetatic  pressure  without  Modification  by  the  elasto- 
plastic  properties  of  soli.  In  order  to  obtain  the  tensile  strength 
of  JANSUS  earth,  an  estimate  was  nade  of  the  radius  of  the  real  crater 
for  the  HE-2  shot;  extrapolated  to  a  one  kiloton  shot,  this  is  180 
feet.  The  value  then  obtained  for  the  tensile  strength  was  340  pel. 

It  is  of  interest  that  the  dynastic  tensile  strength  of  concrete  is 
about  300  pel,  indicating  that  either  the  analysis  is  incorrect  or 
else  the  dynanic  tensile  strength  is  such  greater  than  the  static 
(this  is  true  for  water). 

When  this  tensile  strength  is  used  in  the  theory  to  predict  the 
crater  depth,  a  value  of  150  feet  is  obtained.  This  is  considerably 
in  excess  of  the  62.5  feet  estimated  by  extrapolation  fron  HE-2.  A 
partial  explanation  for  the  large  discrepancy  is  that  the  crater 
radius  predicted  by  the  theory  is  not  that  of  the  real  crater,  owlijg 
to  collapse  of  the  walla  near  the  surface.  However,  if  the  depth  is 
to  be  predicted  as  equal  to  that  fron  HE  extrapolation,  then  the 
effective  radius  to  be  used  will  be  less  than  half  that  extrapolated. 
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tad  tbs  tensile  strength  obtained  will  b«  unreae anably  high.  In  view 
of  this,  til*  extrapolated  predictions  are  probably  more  reliable*  To 
repeat,  the  estimated  time  crater  diameter  is  360  feet  and  the  depth 
62  fee t. 


It  is  knoim  that  the  earth  at  the  site  shove  a  fairly  rapid  change 
of  eelasdc  velocity  at  depths  around  *  •  100  feet.  By  standard  geo¬ 

physical  calculations  (knowing  the  velocities  v^  and  Vg  in  the  upper 
and  lover  layers  respectively),  it  is  predicted  that  beyond  a  distance 
r.,  transmission  will  be  primarily  from  a  path  dovn  to  the  interface, 
•long  the  interface,  and  up  to  the  surface.  The  distance  is  given  by 


▼2  ♦  ▼,  i 

**a  (  t  -  v  >  2  • 

z  T1 


Beyond  r  the  direction  of  arrival  should  be  predominantly  vertical* 
Also,  since  seismic  energy  trapped  by  the  wave-guide  action  of  the 
interface  spreads  in  two  dimensions  only,  this  path  should  have  lees 
attenuation  than  the  direct  one.  Thus  it  is  predicted  that  beyond 
the  vertical  ocnponent  of  the  acceleration  should  decay  much  less 
rapidly  then  nearer  the  charge.  With  v,  ■  3000  fpe  and  v2  »  4500  fps, 
we  get  ra  -  450  feet,  or  X  -  3*6.  In  Che  HB~1  and  HB-2  shots,  this 
phenomenon  was  actually  observed.  The  "turn-over4*  distances  were 
shout  480  fast  and  440  feet  respectively.  The  distance  for  the  under¬ 
ground  nuclear  teat  will  of  course  depend  an  the  actual  underground 
profile,  but  450  feet  appears  to  be  a  good  working  value. 

Values  for  the  acceleration  have  not  been  predicted  in  this 
report,  for  no  theory  of  spherical  transmission  in  a  finite  elaato- 
plaetic  earth  has  been  developed.  Ordinarily  it  is  assumed  that  the 
acceleration  is  proportional  to  the  pressure  gradient,  which  would 
make  the  exponent  in  the  acceleration  law  equal  four  for  a  l/r^  pres¬ 
sure  law.  Actually,  in  the  HE  shots,  most  cf  the  exponents  were  near 
two.  Xo  explanation  is  advanced  to  explain  this,  although  the  viscos¬ 
ity  t~rm  in  the  lavier-Stokea  relations  may  be  large  enough  to  account 
for  the  difference.  Values  extrapolated  from  HE  experience  should  be 
used. 


When  the  pressure  wave  hits  a  horizontal  target  lying  on  the 
surface,  such  as  a  reinforced  concrete  highway,  it  is  of  interest  to 
estimate  the  effect  of  shattering.  An  analysis  based  on  Seamark's 
theory  of  crack  width  in  shock-loaded  concrete  beams  has  been  devised. 
If  the  energy  delivered  to  the  concrete  is  supposed  to  be  equal  to  the 
kinetic  energy  density  in  the  earth  shock,  there  results 
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Here  r  la  the  Halting  distance  ins  Id*  which  all  rainforcing  ban 
an  raptured;  ft  is  the  ratio  (dlstamoe  froa  neutral  x»e )/ (thickness ) ; 
t  is  the  thickness;  v  is  the  width  (hen  10  feet);  A  and  n  an  the 
constant*  ij  the  pressure  relation  p  .  l/r®;  a  is  the  plastic  strength 
of  the  ninforclng  steel;  A,  is  the  ana  of  the  steel;  d  is  the  depth 
of  the  tensile  steel;  Y  and  p.  an  the  constants  in  the  equation  of 
state  of  earth;  and  t  is  the  strain  on  the  slab  surface  which  will 
ftqtan  the  steel. 

Vben  the  constants  appropriate  to  the  underground  anclear  test 
an  inserted,  it  tons  out  that  r#  is  about  70  feet.  Thus  inside  this 
tha  concrete  will  probably  be  la  pdaeoa  less  than  six-inch 
cubes,  the  spacing  of  the  reinforcing  snob.  Beyond  this,  the  pieces 
should  get  larger.  This  infonation  aids  in  predicting  the  else  and 
hence  the  range  of  the  nineties  famed  by  the  breaksp  and  throwoot  of 
sach  targets.  Beside  the  sneertainties  about  the  laws  of  pnsson  and 
of  energy  absorption,  this  analysis  entirely  neglect#  the  flexural 
wars  set  mp  In  the  concrete.  It  Is  entirely  possible  that  then  nay 
exist  at  a  certain  distance  a  species  of  traveling  wave  amplification 
between  the  incident  selsnic  earth  ware  and  the  flexural  wave  it  ex¬ 
cites  in  the  concrete  highway.  It  la  likely,  however,  that  this  will 
bs  abscond  by  other  effects. 


Tfrnmnwms  in  the  wall  and  foundation  targets  will  be  each  non 
ccuplsx,  and  no  ostlnatos  have  been  node  of  the  shattering  to  be  ex¬ 
pected. 


2.9  wwm  atw  mw  swn  a tna  *T*e 

Tenting  is  asawnad  to  occwr  vhsc  the  shock  reaches  the  surface, 
is  nfleeted,  and  nests  the  expanding  gas  babble.  Fran  the  theory  it 
Is  predicted  that  this  should  occur  sheet  2-1/2  feet  below  the  surface, 
and  about  0.2  Milliseconds  should  slaps#  between  the  shock  reaching  the 
surface  and  the  mergence  of  the  gases.  The  gas  velocity  is  difficult 
to  estinato  with  nach  assumes,  but  it  appean  that  the  Laval  aossle 
n  1st  ion  gives  12,400  fps.  Another  estimate  is  based  on  the  expansion 
of  the  earth  gaa  bubble  in  which  the  pressure  at  the  boundary  is 
utilised,  up  to  the  Instant  of  venting,  in  accelerating  the  earth 
beyond.  The  bubble  boundary  velocity  is  appradnately  doubled  cn 
venting  to  about  30,000  fps.  A  third  sstisnts  is  based  on  calculations 
of  the  pressure  at  venting;  with  appradnately  200,000  pei  »t  renting. 
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tto  corresponding  velocity  is  tbovi  7400  fpe.  A  f— rth  wUaU  is 
tosed  on  —orgy  t— oldsraticno.  $y  lsdegrnti— ,  — 1*  1|— tl—  1,  tto 
work  done  afdiat  Us  earth  9  U  v— Mm  is  rtwt  90  ptr  cant  of  tto 
total  sum  release.  Than  fro*  Seths' »  relation  that  the  H satin 
•oarer  la  (y-  l)/y  of  the  hobble  urgy,  tab—  as  half  tha  original, 
the  jet  veleeity  t «m  nt  toka  60,000  fpe.  toils  these  few  vain— 
ara  sat  consistent,  it  appear*  ssfa  to  ass— e  ttet  tka  isitisl  jot 
velocity  will  ka  wall  over  10,000  fpe. 

Tka  tonperatare  si  vesting  nay  ka  as  leal  start  fr—  tka  eq— ti—  of 
stsia  of  aortk  CM,  ase— lag  aa  asso  added  by  fsrtkar  — galf— at,  sad 
asiag  average  daasitiaa  (leather— 1  sphere).  A  val—  of  10,000*  K  is 
attained.  At  Bikini  Bakar  (tadea  tka  saolsd  akarcs  depth  of  tka  —ler- 
groand  —clear  toot)  littla  fire  wa  observed.  Uttongh  tka  — dorgro— d 
— olsar  skat  is  ska'll— or,  tka  density  sad  greeter  kaat  of  vaporlaatl— 
of  earth  conspire  to  skaork  —re  — arty  tksa  —tar,  so  that  tka  appear- 
a— e  of  groat  as— ts  of  fira  so—  —likely. 

▼aatiag  is  seeaafdad  by  seaside— hi a  sir  akaek  sad  tkrawoat. 

Iks  air  akaek  arisas  froa  too  caaaaa .  First,  tka  eerfck  skaok  raflaetad 
at  tka  aarfaaa  oaaa—  tka  aortk  ts  rise,  tksa  aatiag  as  aa  enema— 
aartk  piston.  Tka  wp—rd  velocity  of  tkis  pistaa  will  aat  deer— as  too 
rapidly,  slaea  it  is  keiag  driv—  fra*  kasoath  by  tka  gssas,  Tksa  tka 
first  air  akaek  akawld  skew  a  slaw  decay  froa  tka  peak,  lowovsr,  tka 
•Mas  escape  vltk  veleeity  wkiak  is  a— oidarokly  greater  tksa  tkat  of 
aartk  rise,  tot  wkiak  decays  — ah  foster,  aiaee  tka  pm  ora  aara 
—ally  decelerated.  Ttoa  tka  gas-jet  iadaead  air  bleat  ekoald  ka  a 
klgk  paok  fallowed  by  o  foirly  rapid  decay. 

Tka  — vi—  tiaa  aaporoti—  of  tksa  a  two  skoeks  akoald  to  tkat 
katwa—  tka  aartk  skoek  raochiag  tka  awrfoca  sad  tka  gas—  vesting. 

As  sated  earlier,  this  la  about  0.2  Billiseconds.  However,  the  stronger 
stock  will  fdckly  catch  wp  te  and  coalesce  with  the  weaker  one.  Hence 
at  positions  tkat  ara  safe  far  inatn— sate,  a  single  sharp  rise  akawld 
to  Observed  — leas  tto  last r— at  sjvt—  has  response  considerably  la 
a—  of  9000  epe.  This  reaecning  1s  basod  —  tto  —perl— stally 
toasrvsd  behavior  of  tto  air  blast  at  togmy  and  at  tto  JAVQLB  HE 
toots. 


In  tto  ostiaat—  of  jet  velocity,  it  was  acted  tkat  at  venting 
atowt  half  tto  energy  tod  bam  wsad  la  work  against  tto  aartk.  Ttoa 
abaci  90  par  cant  eon  appear  in  air  bloat  (and  eland  rise).  FT—  tha 
Kg  taste,  it  appears  thrt  tto  affect  ef  air  blast  was  that  ef  75  par 
east  of  tto  charge  detonated  on  tto  surface.  Ttoa  tka  — argy  la  air 
blast  fr—  tha  wntergroo* i  teat  will  probably  be  atont  two-thirds  of 
that  fr—  1  KT  of  TST. 
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By  integrating  the  blast  energy  flux  for  the  50  por  cant  eharga 
in  fra#  air,  it  is  found  that  an  equivalent  anargy  of  1.5  par  east  of 
tha  buriad  eharga  doaa  not  appaar  aa  air  blast*  It  is  asstsaad  that 
this  is  tha  energy  for  clood  rise*  Tha  height  of  rise  of  tha  atonic 
eleni  nay  be  aatinatad  fron  Taylor’ a  relation  for  a  suddenly  ralaasad 
sonrea  of  hast.  Using  tha  1.5  par  cant  energy,  and  US  Standard  itaoa- 
phere  Meteorological  factors  appropriate  to  a  10,000-foot  average 
cload  altitude,  aa  get  a  rise  of  about  5000  feat.  It  is  suspected 
that  this  is  too  lsvf  sad  that  two  or  three  tinea  this  value  nay  be 
attained*  Of  course,  tha  actual  meteorological  factors  rather  than 
those  of  tha  standard  atmosphere  should  be  used  in  a  comparison  with 
tha  test*  The  effect  nay  not  be  large,  since  the  height  of  rise  de¬ 
pends  an  the  l/4-pow*r  of  the  factors. 


2*4 

Concomitant  with  venting  are  throwout  and  missile  phonons  us.  In 
fsosral,  results  fron  HE  shots  lead  to  the  assumption  that  the  natter 
is  ejected  along  radii  fron  the  charge,  with  e  velocity  law  of  the 

fem 


▼  *  (»i«  0)  n  »  (12) 

N, 

where  %0A?  ^ is  the  smith  velecity,  X  is  the  sealed  charge  depth, 

0  la  the  angle  between  horisootal  end  a  radius  fron  the  charge,  aid 
a  is  an  exponent  probably  close  to  two  for  JAVGXJS  soil.  Theoretically, 
it  is  the  exponent  of  pressure  decay  near  the  charge,  but  indirect 
evidence  fron  observed  ranges  of  nissllee  at  Duguuy  indicates  the  ex¬ 
ponent  is  somewhat  smaller.  The  constant  ▼  la  probably  between  100 
and  400  fpa  for  JAHGLE  soil,  leading  to  expected  smith  velocities 
fron  5000  to  20,000  fps.  A  full  discussion  of  ths  implications  for 
throwout  and  missiles  is  contained  in  e  forthcoming  report;  prelimi¬ 
nary  results  have  already  been  communicated,  and  will  act  be  discussed 
here. * 

Some  rough  estimates  of  the  emeust  of  throwout  have  been  made, 
based  on  the  material  contained  in  the  inverted  cone  of  base  equal  to 
the  crater  opening,  end  with  vertex  at  the  charge.  About  30,000  tons 
of  earth  shmld  thus  be  projected  radially  from  the  charge*  Baaed  on 
e  laboratory  analysis,  about  2000  tons  of  this  will  be  below  one 
micron  in  else,  If  all  the  earth  has  been  decohered  to  its  constituent 
particles.  Little  grinding  action  is  expectsd,  and  ths  finss  resulting 
should  be  no  more  numerous  than  in  ths  sarth  and  should  be  considerably 
less.  Thus  the  2000  tons  is  «a  upper  limit  to  the  amount  of  material 
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that  should  mil n  airborne  for  a  long  tine  after  tha  explosion. 

It  la  also  of  iataraat  that  tha  energy  required  to  raiaa  30,000 
tons  of  aarth  to  aa  average  height  of,  say,  2500  foot  la  about  five 
par  coot  of  tha  total  release.  Hence  work  against  gravity  la  a  Mall 
part  of  th«  total. 


•  y\ty 


la  tha  tkrowout  returns  to  tha  aarth,  it  nay  ba  olaaaiflad  aa 
fall-ot  (balliatlc  lava)}  aottla  oat  (St  okas*  la*)}  aad  drift -oat 
(Brownian  notion  suspension).  Ia  tha  fall-oat  vs  lac  lads  aissilss, 
which  ara  traatad  ia  aaothar  report.2 

Tha  aattla-oat  comprises  principally  thooa  particles  ia  tha  range 
of  1  to  100  micros  aiaa.  Their  eonceet  ratio  depends  on  how  tkorougb- 
ly  tha  explosion  aad  raatiag  processes  decohere  tha  aarth;  no  experi- 
mental  evidence  for  aa  oetlaate  is  available.  Analysis  of  data  from 
pie-plate  collectors  can  give  same  order  of  magnitwde  information,  bat 
this  baa  not  been  undertaken  hare.  It  ia  fairly  certain  that  moat  ef 
tha  fall-out  mass  ia  ia  sisable  c hanks  frea  one-fourth  inch  and  up¬ 
wards. 


Tha  base  surge  phenomenon  is  expected  to  be  present,  and  should 
differ  but  little  from  predictions  baaed  on  HE  extrapolation.  The 
source  of  the  surge,  tha  calnan,  should  show  a  diameter  scaling  aa 
vV3  but,  owing  to  the  increased  affects  of  gravity  aad  air  resistance , 
the  height  should  ba  leas  than  that  obtained  by  scaling. 

Tha  colon  is  conjectured  to  ba  chimney-like  in  structure,  with 
a  hollow  core  carrying  tha  highly  radioactive  material  ejected  fro 
the  earth  gas  bubble.  As  it  collapses  to  fom  the  surge,  the  contam¬ 
inated  inner  surface  is  expected  to  nix  turbulent ly  aa  the  surge  mnab- 
rooms  out.  However,  most  of  the  inner  surface  should  appear  at  the 
lower  surface  of  the  aurge.  Surge  constants  are  beet  estimated  fro 
previous  nuclear  and  HE  data. 

Standard  meteorological  diffusion  theory  may  be  used  fer  predict¬ 
ing  the  fate  of  the  drift-out,  and  experience  fro  HE  tests  should 
guide  the  calculations. 


2.6  max  PARTIgQl 

Fro  a  consideration  of  the  foregoing  the  probable  ultimate 
energy  partition  ie  as  follows,  in  terms  of  the  total  releases 
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Radioactivity 

Prossaro  vavo  sad  plastic  flow 
Throwout  against  gravity 
Air  blast 
Clowd  rise 
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APPENDIX 

list  or  snow 

A  Coefficient  in  preeeure-radiee  relation. 

A0  Total  ar«a  of  tansile  stool  in  concrete  slab* 

d  Depth  of  tsosile  stool  in  eoncroto  slab. 

I  Young's  moduli*  of  earth. 

g  Acceleration  duo  to  gravity. 

h  Depth  to  center  of  detonation  of  charge. 

n  Exponent  of  radius  in  pressure-radius  relation.  Also, 
exponent  in  throwout  Telocity  relation. 

p  Peak  or  shock  pressure. 

p^  Pressure  in  earth-gas  babble  at  breakaway. 

p±  Internal  pressure  in  equation  of  state  of  earth. 

p0  Reference  pressure. 

Dynamic  tensile  strength  of  earth. 

r  Horizontal  radius  from  ground  zero. 

r0  Horizontal  limit  radius  for  refracted  seismic  energy. 

r^  Radius  of  earth  gas  bubble  at  breakaway. 

r  Horizontal  limit  radius  for  rupture  of  steel  reinforcement 

*  in  concrete. 

t  Thickness  of  concrete  slab. 

t^  Time  to  reach  breakaway  after  detonation. 

T  Temperature. 
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Temperature  la  earth  gu  babbit  at  breakaway. 

a  Material  Telocity. 

Material  Telocity  at  breakaway. 

U  Shock  velocity. 

Shock  velocity  at  breakaway. 

▼  Telocity  of  throvoot  along  radios  froa  charge. 

Vqq  Vertical  Telocity  of  threwoot  for  a  charge  at  a  sealed 
depth  of  unity. 

Seiaaic  Telocity  of  opper  strataa  of  earth. 

▼2  Seiaaic  Telocity  of  lower  stratoa  of  earth, 
w  Width  of  concrete  slab. 

V  Weight  of  TOT  (pounds)  of  given  energy  release. 

W^  Weight  of  earth  gas  bubble  at  breakaway. 

I  Djueaic  tensile  strength  of  earth, 
z  Vertical  depth  coordinate  of  crater. 

z^  Depth  of  ftratue  with  higher  e elastic  Telocity. 

a  Ratio  of  distance  froa  neutral  zone  to  thickness,  in  concrete 
slab. 

X  Scaled  horizontal  radial  distance  r/wV3. 

XQ  Scaled  depth  of  charge  h/W^. 

P  Density  at  shock  in  earth  gas  bubble  or  in  earth. 

Pq  Reference  density. 

Y  Exponent  for  density  in  equations  of  state. 

c r  Plastic  strength  of  tensile  steel  in  concrete. 
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Strain  on  surfaca  of  eoncrata  slab  at  rapt  ora  of  tacwlla 
staal. 

Anfla  betwaan  horlsoetal  and  radios  fra  charga. 
Poisson's  ratio  for  oarth. 
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President,  Army  Field  Foroee  Board  No.  2,  Fort  Knox,  Ky. 

President,  Any  Field  Foroes  Board  No.  3,  Fort  Banning,  Ga. 

President,  Amy  Field  Foroes  Board  No.  4,  Fort  Bliss,  Tex. 

Commandant,  The  Infantry  School,  Fort  Banning,  Ga. 

Ccaasandant,  The  Armored  School,  Fort  Knox,  Ky. 

President,  The  Artillery  School  Board,  Fort  Sill,  Okla. 
Commandant,  The  AAftGM  Branch,  The  Artillery  School,  Fort  Bliss, 
Tex. 

Commandant,  Any  War  College,  Carlisle  Barracks,  Pa. 

Commandant,  Command  and  General  Staff  College,  Fort  Leaven¬ 
worth,  Kans. 

Commandant,  Amy  General  School,  Fort  Riley,  Kans. 
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Commanding  Gensrml,  Flret  Arny ,  Governor'*  Island,  New  York  4, 

N.  Y.  59-  6C 

Commend  ing  General,  Second  Ansy ,  Fort  George  G.  Meade,  Md .  6l-  62 

Commanding  General,  Third  Aray,  Fort  McPherson,  Ga.  63-  64 

Cooaandlng  General,  Fourth  Army,  Fort  Sam  Houston,  Tex.  65-  66 

Com— riding  General,  Fifth  A ray,  1660  E.  Hyde  Park  Blvd. , 

Chicago  15,  Ill.  67-  60 

Commanding  General,  Sixth  Any,  Presidio  of  Ssn  Francisco, 

Calif.  69-  TO 

C ammander- in -Chief ,  European  Command,  APO  403,  c/o  Postmaster, 

New  York,  N.  Y.  71-72 

Coomander-ln-Chief,  Far  East,  APO  500,  c/o  Postmaster,  San 

Francisco,  Calif.  73-  74 

Commanding  General,  U.  S.  Army,  Pacific,  APO  956,  c/o  Post¬ 
master,  San  Francisco,  Calif.  75-  76 

Commanding  General,  U.  S.  Army,  Caribbean,  APO  834,  c/o  Post¬ 
master,  lfew  Orleans,  La.  77-  78 

Commanding  General,  U.  S.  Army,  Alaska,  APO  942,  c/o  Post¬ 
master,  Seattle,  Wash.  79-  80 

Director,  Operations  Research  Office,  6410  Connecticut  Ave., 

Chevy  Chase,  Md.  8l-  83 

Commanding  Officer,  Ballistic  Research  Laboratories,  Aberdeen 

Proving  Ground,  Aberdeen,  Md.  84-  85 

Commanding  Officer,  Engineer  Research  and  Development  Labora¬ 
tory,  Fort  Belvoir,  Fa.  06-  87 

Coonanding  Officer,  Signal  Corps  Engineering  Laboratories,  Fort 

Monmouth,  N.  J.  08-  89 

Commanding  Officer,  Evans  Signal  laboratory,  Belmar,  N.  J.  90-  91 

Commanding  General,  Any  Chemical  Center,  Md.  ATTN:  Chemical 

and  Radiological  Laboratory  92-  93 


NAVY  ACTIVITIES 


Chief  of  Naval  Operations,  Department  of  the  Navy,  Washington 
25,  D.  C.  ATTN:  Op-36 

Chief,  Bureau  of  Ships,  Department  of  the  Navy,  Washington  25, 

D  C. 

Chief,  Bureau  of  Ordnance,  Department  of  the  Navy,  Washington 
25,  D.  C. 

Chief,  Bureau  of  Medicine  and  Surgery,  Department  of  the  Navy, 
Washington  25,  D.  C. 

Chief,  Bureau  of  Aeronautics,  Department  of  the  Navy,  Wash¬ 
ington  25,  D.  C. 

Chief,  Bureau  of  Supplies  and  Accounts,  Department  of  the  Navy, 
Washington  25,  D.  C. 

Chief,  Bureau  of  Yards  and  Docks,  Department  of  the  Navy, 
Washington  25,  D.  C. 
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Chief  cf  Naval  Personnel,  Department  of  the  Nary,  Washington 

2c  n  r* 

Commandant  cf  the  Marine  Corps,  Washington  25,  D.  C. 

Commander -in -Chief ,  U.  S.  Pacific  Fleet,  Fleet  Post  Office, 

San  Francisco,  Calif. 

Commander-In-Chief,  U.  S.  Atlantic  Fleet,  Fleet  Post  Office, 
New  York,  N.  Y. 

President,  U.  S.  Naval  War  Colaege,  Newport,  R.  I. 

Commandant,  Marine  Corps  Schools,  Quantico,  Va. 

Chief  of  Naval  Research,  Department  of  the  Navy,  Washington 

25,  D.  C. 

Commander,  U.  S.  Naval  Ordnance  Laboratory,  Silver  Spring  19, 
Md. 

Coomander,  U.  S.  Naval  Ordnance  laboratory.  Silver  Spring  19, 
Md.  ATTN:  Aliex 

Director,  U.  S.  Naval  Research  Laboratory,  Washington  25,  D.  C. 
Commanding  Officer  and  Director,  U.  S.  Naval  Electronics 
Laboratory,  San  Diego  5 2,  Calif . 

Commanding  Officer,  U.  S.  Naval  Radiological  Defense  Labora¬ 
tory,  San  Francisco  24,  Calif. 

'onaanding  Officer  and  Director,  David  Taylor  Model  Basin, 
Washington  7,  D.  C. 

Commander,  Naval  Material  Laboratory,  New  York  Naval  Shipyard, 
Naval  Base,  New  York  1,  N.  I. 

Officer- in-Charge,  U.  S.  Naval  Civil  Engineering  Research  and 
Evaluation  Laboratory,  U.  S,  Naval  Construction  Battalion 
Center,  Port  Hueneme,  Calif. 

Commanding  Officer,  U.  S.  Naval  Medical  Research  Institute, 
National  Naval  Medical  Center,  Be the s da  14,  Md. 

Commander,  U.  S.  Naval  Ordnance  Test  Station,  Inyokern,  China 
Lake,  Calif 


AIR  FORCE  ACTIVITIES 

Assistant  for  Atomic  Energy,  Headquarters,  United  States  Air 
Force,  Washington  25,  D.  C. 

Director  of  Operations,  Headquarters,  United  States  Air  Force, 
Washington  25,  D.  C.  ATTN:  Operations  Analysis  Division 

Director  of  Plans,  Headquarters ,  United  States  Air  Force, 
Washington  25,  D.  C.  ATTN:  AF0PD-P1 

Director  of  Requirements,  Headquarters,  United  States  Air 
Force,  Washington  25,  D.  C. 

Director  of  Research  and  Development,  Headquarters,  United 
States  Air  Force,  Washington  25,  D.  C. 

Director  of  Intelligence,  Headquarters,  United  States  Air  Force, 
Washington  ?5,  D,  C.  ATTN:  Phys.  Vui.  Branch,  Air  Targets 
Division 
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Director  of  Installations,  Headquarters,  United  States  Air 

Force,  Washington  25,  D.  C.  145 

Asst,  for  Development  Planning,  Headquarters,  United  States  Air 

Force,  Washington  25,  D.  C.  146 

Asst,  for  Materiel  Program  Control,  Headquarters,  United  States 

Air  Force,  Washington  25,  D.  C.  147 

The  Surgeon  General,  Headquarters,  United  States  Air  Force, 

Washington  25,  D.  C.  146 

Commanding  General,  Strategic  Air  Command,  Offutt  Air  Force 

Base,  Rebr.  149-151 

Commanding  General,  Air  Research  and  Development  Command,  P.0. 

Box  1395,  Baltimore  3,  Md.  152-161 

Commanding  General,  Air  Materiel  Coanand,  Wright-Patterson  Air 

Force  Base,  Dayton,  Ohio  162-163 

Commanding  General,  Air  Materiel  Command,  Wright -Patterson  Air 

Force  Base,  Dayton,  Ohio.  ATTN:  Air  Installations  Division  164-165 
Commanding  General,  Tactical  Air  Command,  Langley  Air  Force 

Base,  Va.  166-166 

Commanding  General,  Air  Defense  Command,  Ent  Air  Force  Base, 

Colo.  169-171 

Commanding  General,  Air  Proving  Ground,  Eglin  Air  Force  Base, 

Fla.  172-173 

Commanding  General,  Air  Training  Command,  Scott  Air  Force  Base, 

Belleville,  Ill.  I74-I76 

Commanding  General,  Air  University,  Marvell  Air  Force  Base, 

Montgomery,  Ala.  177-179 

Commanding  General,  Special  Weapons  Center,  Kirtland  Air  Force 

Base,  N.  Mex.  180-182 

Commanding  General,  1009th  Special  Weapons  Squadron,  1712  G  St. 

NW,  Washington  25,  D.  C.  I83 

Commanding  General,  Wright  Air  Development  Center,  Wright- 

Patterson  Air  Force  Base,  Day ten,  Ohio  184-187 

Coomanding  General,  Air  Force  Cambridge  Research  Center,  230 

Albany  St.,  Cambridge  39,  Mass.  188-189 

Commanding  General,  U.  S.  Air  Forces  in  Europe,  APO  633#  c/o 

Postmaster,  Nev  York,  N.  I.  190-191 

Commanding  General,  Far  East  Air  Forces,  APO  925,  c/o  Post¬ 
master,  San  Francisco,  Calif.  192-193 

Commanding  General,  Air  Force  Missile  Center,  Patrick  Air  Force 

Base,  Cocoa,  Fla.  194 

Commandant,  USAF  School  of  Aviation  Medicine,  Randolph  Air 

Force  Base,  Randolph  Field,  Tex.  195 

Asst,  to  the  Special  Asst.,  Chief  of  Staff,  United  States  Air 

Force,  Washington  25,  D.  C.  ATTN:  David  T.  Griggs  196 

The  RAND  Corporation,  1500  Fourth  St.,  Santa  Monica,  Calif.  197-198 
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Chief,  Armed  Force*  Special  Weapon*  Project,  P.0.  Box  2610, 

Veahington  13,  D.  C.  199-207 

Companding  General,  Field  Cocmand,  Araed  Force*  Special  Weapon* 

Project,  P.0,  Box  5100,  Albuquerque,  N.  Max.  206-210 

Companding  Officer,  Test  Command,  Araed  Force*  Special  Weapon* 

Project,  P.0.  Box  5600,  Albuquerque,  If.  Hex.  211-213 

OTHER  ACTIVITIES 


Chalraan,  Research  and  Development  Board,  Departaent  of  De¬ 
fense,  Washington  25,  D.  C.  21k 

Director,  Weapon *  System  Evaluation*  Group,  Office  of  the 

Secretary  of  Defense,  Washington  25,  D.  C.  215 

Executive  Director,  Coamlttee  on  Atoalc  Energy,  Research  and 
Development  Board,  Department  of  Defense.  Washington  25, 

D.  C.  ATTN:  David  Beckler  216 

Executive  Director,  Committee  on  Medical  Sciences,  Research  and 
Development  Board,  Department  of  Defense,  Washington  25, 

D.  C.  217 

J.  S.  Atomic  Energy  Conaaiesion,  Classified  Document  Room,  1901 
Constitution  Ave.,  Washington  25,  D.  C.  ATTH:  Mrs.  J.  M. 

O'Leary  218-220 

Los  Alamos  Scientific  Laboratory,  Report  Library,  P.0.  Box 

1663,  Dos  Alamos,  N.  Max.  ATTH:  Helen  Challenger  221-223 

Sandla  Corporation,  Classified  Document  Division,  Sandla  Base, 

Albuquerque,  H.  Mex.  ATTN:  Wynne  JL.  Cox  22k -2k 3 
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